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ABSTRACT

In this paper, we establish the existence and uniqueness criteria of time periodic solution to the
viscous modified Degasperis-Procesi (vmDP for short) equation with periodic boundary value
conditions. The analysis of this study is based on Galerkin’s method and Leray-Schauder fixed point
theorem. Using Galerkin’s method some uniform priori estimates of approximate solution to the
corresponding equation of vmDP has been constructed. Furthermore, the efficient and straightforward
existence and uniqueness criteria of time periodic solution to the vmDP with periodic boundary value
conditions has been obtained.

Keywords: viscous modified Degasperis-Procesi equation, time periodic solution, Galerkin’s method,
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1. INTRODUCTION

The nonlinear partial differential equations have proved to be valuable tools to the
modeling of many physical, chemical and biological phenomena. The study of the solitary wave
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solutions for nonlinear partial differential equationsplay an important role in various fields, such
as, quantum mechanics, electricity, plasma physics, chemical kinematics, optical fibers,
biological model, electromagnetic field, viscoelasticity, electrochemistry, physics, control
theory, fluid mechanics and population model [1-4], etc. In most of the cases, it is difficult to
obtain the exact solution of these nonlinear partial differential equations. As a result, in the last
few years different analytical methods have been developed, such as, Adomian decomposition
method [5], the homotopy analysis method [6], the variational iteration method [7-9], the
homotopy perturbation method [10-12], and variational homotopy perturbation method [13-
14], modified decomposition method [15], etc.

In 2006, Wazwaz [16] studies a family of important physical equations which is known
as modified k - equation and he provides the following form of that modified k - equation:

U, — Uy, +(k+1)u’u, —kuu, —uu,, =0, (1)

where, k is a positive integer. By taking k =3, Wazwaz [16] reduces Eq. (1) to the following
modified Degasperis-Procesi (mDP) equation:

u —u, +4u’u, —3uu, —uu  =0. )

Wazwaz [17], proved that the Eq. (2) has the following solitary wave solution:
X 5
u(x,t)=-2sech’| ==t |. 3
(x.t) (2 i ] ®3)

After Wazwaz [17], Eq. (2) has been also investigated by many researchers, see for
instance [18-20] and references therein. Yousif et al. [20] studied the Eq. (2) using variational
homotopy perturbation method and obtained the following solitary wave solution:

u(x,t)z—Esech2 (Ej—%tsech“(lxjtanh(lxj. (4)
8 2) 16 2 2

In this paper, we consider the following one-dimensional viscous version of mDP
equation given by Eq. (2):

u,— g — (1 — g )+ Aty —3ua —uu = f(x,1),1>0,xe R, ©)

with the following periodic boundary conditions:

u(x+L,t)=u(x,t),r>0,xeR, (6)

u(x,r+a)):u(x,r),r>0,xe R, )
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where x>0 is a viscosity constant and the forcing term f is L - periodic in spatial X

and o -periodic in timet. Without loss of generality, we assume that If (x,t)dx =0, where
Q

Q= [O, L] Using different techniques, Foias et. al. [21], Gao and Shen [22] and Gao et. al. [23]

have been studied the viscous version of modified Camassa-Holm equation which is obtained
by setting k = 2in Eq. (1). Motivated by the works of Foias et. al. [21], Gao and Shen [22], Gao
et. al. [23] and Fu and Guo [26] here we consider the Eq. (5) which we named as vmDP
equation.

Now a days, many researchers devoted themselves in the study of existence of time-
periodic solution to various nonlinear evolution equations, see for instance [23-26] and
references therein. If a system is periodically dependent on time t, then there arises a natural
question about the existence of time-periodic solution with same period for that system.
Recently, E.E.

Obinwanne and U. Collins [27] applied the Leray-Schauder fixed point theorem [24, 29]
to obtain solution of Duffing’s equation. Moreover, to the best of our knowledge, there is no
any work considering the existence and unigqueness of time-periodic solution to the Egs. (5)-
(7), using Galerkin’s method [24, 28] and Leray-Schauder fixed point theorem [24, 29].
Therefore, the main purpose of this paper is to establish the existence and unigueness criteria
of time-periodic solution to the system given by Egs. (5)-(7) using Galerkin’s method and
Leray-Schauder fixed point theorem.

The rest of this work is furnished as follows:

In Section 2, we provide some basic definitions, inequalities and introduce Galerkin’s
method and Leray-Schauder fixed point theorem. Section 3 is used to formulate some uniform
priori estimates for the existence of approximate solution of the vmDP equation given Egs. (5)-
(7), which will be apply in next section. Section 4 is devoted to state and prove the existence
and uniqueness criteria of time-periodic solutions to the vmDP equation given by Egs.(5)-(7).
Finally, we give a conclusion.

2. MATERIALS AND METHODS

In this section, we introduce some necessary definitions and preliminary facts which will
be used throughout this paper.

Definition 2.1. ([30]). Let B be a Banach space. For 1< p <o, the space L"(B;w) is defined
as the set of w -periodic B -measurable functions on R such that

@ p
([l ds) <e, 1< p<eo
Juls e =
Sup HUHB <, p =oo.

0<t<w

-27-



World Scientific News 142 (2020) 25-43

Definition 2.2. ([30]).The space W"P(B;w)denote the set of functions which belong to
LP (B; a)) together with their derivatives up to order h, and if B is a Hilbert space, then we write
Wh'z(B;a))z H" (B;(o).

According to definitions 2.1 and 2.2, the following inequalities hold (see [30]):

Jul, <yl ®)

HD‘qu <hy|ul. Jul~, ©)

14
H™

where, D'u :%, 1:i+9(%—mj+(1—9)%, as0<i<m,i/m<@<1.

P
Jul < hafud, | u(x)dx=0. (10)

Now, we state Leray-Schauder fixed point theorem which will be used as the tools to
establish the main results.

Theorem 2.1. (Leray-Schauder fixed point theorem [28]). Let B be a Banach space and
T : B — B be a completely continuous (continuous and compact) operator with the following

property: there exists R>0 such that the statement (u =rTu with r €[0,1)) implies |u, <R.
Then T has a fixed pointu”such that HU*H <R.

Now we give a brief discussion on the Galerkin’s method.

The Galerkin’s method is a very strong andgeneral method. The main idea of this method
is as follows. To tackle a problem posed in an infinite dimensional space, start with a studying
its approximation on a nested sequence of finite dimensional sub-spaces. Solving the
approximate problem is generally simpler than solving the infinite dimensional one. Passing to
the limit, we construct a solution of the original problem. Here we also introduce the Galerkin's
method with an abstract problem posed as a weak formulation on a Hilbert space H, namely,

findueH such that forall ve H, a(u,v) = f (v).

where a(_, .) is a bilinear form and f (V) is a bounded linear functional on H.
Choose a subspace H, < H of dimension n and solve the projected problem:

findu, e H, such that forall v, e H,_, a(u,,v,)=f(v,). (11)

The Eq. (11) is known as the Galerkin equation. Notice that the Eq. (11) has remained
unchanged and only the spaces have changed. Reducing the problem to a finite-dimensional
vector subspace allows us to numerically computeu, as a finite linear combination of the basis
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vectors inH, . The key property of the Galerkin approach is that the error is orthogonal to the
chosen sub-spaces. Since H, = H , we can use v,, as a test vector in the original equation.

Subtracting the two, we get the Galerkin orthogonality relation for the error e,, = u — u,,,
which is the error between the solution of the original problem, u and the solution of the

Galerkin equation, u,

a(e,.v,)=a(u,v,)-a(u,v,)=f(v,)-f(v,)=0.

Since the aim of Galerkin's method is the production of a linear system of equations.
Hence, we build its matrix form, which can be used to compute the solution algorithmically.
Let b,b,,b,,---,b, be a basis for H, . Then, it is sufficient to use these in turn for testing

the Galerkin equation Eq. (11), that is: find u, € H, such that a(u,,b)=f(b), =123,

n
We expand u, with respect to this basis, u, :Zujbj and inserting it into the above

equation we obtain that

(Zu, ¥ J ZU a(b;, b)="f(h),i=123-n. (12)

The Eq. (12) is actually a linear system of equations of the form Aju; = f;, where

Au, —Zu a(b;, b), and f, = f(b,).

3. UNIFORM PRIORI ESTIMATES FOR THE EXISTENCE OF APPROXIMATE
SOLUTION

In this section, we formulate some uniform priori estimates for the existence of
approximate solution to the vimDP equation by applying Galerkin’s method and theorem 2.1.
If we denote the unbounded linear operator by Au =—-u,, on

B:Lzm{u:u(x+L):u(x),L2udx=O},

then we obtain a set of all linearly independent eigenvectors {a)j }T of A i.e., Aw; = 4,0;, with
0<A4 <4, <---<A; —>oo,which form an orthogonal basis of L*(€2). Now by Galerkin’s

method, for any n and a sequence of functions {aj, (t)}::l, where a,, (t)eC'(R;®),
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(j=123,--,n), we can say that the function u,=>a,(t)o;eC'(H"; w)is an
=L
approximate solution to the Egs. (5) - (7) if itsatisfies the following equation:

(U = Ung = 22 (U U )» @ ) =(NU, + F, @), j=1,2,3,+-,1, (13)

where, Nu, =—4u,u, +3u,U, +U.U,.and S, =span{w,w,, @, -, @, }. By classical theory

NX~"nNXx N NXXX

of ordinary differential equations, we can say that for any fixed

v, (t)= Zn:bjn (t); €C*(H"; ), the equation
i1

(unt ~Une _:u(unxx_unxxxx)1wj)=(NVn + f, a)j)i J =1,2,3,---,n, (14)

has a unique  -periodic solution u, and the mapping T :v, — u,, is continuous and compact in
C*(S,; @). Hence for proving the existence of the time periodic solution of Eq. (13) by

applying theorem 2.1, it is enough to shown that the inequality sup ||un||2 <c holds for all

O<t<w

possible solutions of Eq. (13) and the nonlinear term Nu, is replaced by ANu,, (Ogﬂgl),

where ¢ is a constant only depending on L,, i, h,h;,h,, h;, f.

Now, we establish some lemmas which convey the required uniform priori estimators for
the existence of approximate time periodic solution of (13).

Lemma 3.1 If f eC'(H™(Q);w), then sup (||un||2 +||unx||2)301, where ¢, is a constant only
O<t<w

depending on L,, i1, A, f,&,M = sup {Hf (x.t)|

0<t<w

2 .
H1(9)}and d, =min {244, 24—} >0.

Proof. Multiplying both sides of Eq. (13) by a,, (t)and summing up over j from 1 to n, we

yield (unt ~Upoe = 4(Ungy —Uneoe )1 Uy ) = (NU, + U, ), which gives the following equation:

1d
2 el ) el ) = (N0, 5 £ ) 5
It is clear that

—4.[ ujunxdx:0,3.[ uu u dx+j u’u_ . dx=0 (16)
Q Q Q

n=nxX =" nxx

and
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2 2
”unxx” = J.Q‘(Zajn (t)wj} dx = IQ leajn (t)a)j dx > /’11 ”un ”2 : (17)
=1 - j=1
From the Young’s inequality, we have
& 2 M
L fu dx < §||unx|| to (18)

where ¢ > 0is a constant.
Combining Egs. (15), (16) and inequalities (17) and (18), we obtain that

d M
ol )+ (Ju )<= (19)

where d, =min{2.4,, 2u—e}>0.
Applying the time periodicity of u, and integrating the inequality (19) over the closed

interval [0, ], we get d1_|'0w(||un||2 +||unx||2)dt <M® Thus there exists a t* e [0, @] such that
&

2

(1)

Hence from inequalities (19) and (20), we get

+¢4rws£%. (20)

d M
(R T EES (21)

Integrating the inequality (21) with respect to t from t” to t e[t*,t* +a)], we have

u, (t* )Hz +

u, (t* )Hz +

%OWUS%?

12 .M M M 1
unx(t )H STa)-i_dl_g:Ta)Lw-’_d_lj

u, (1)) +

0 (O |

(O <22

u, (1) +

=

Therefore, we deduce that

sup ("u” ||2 +||um||2) < M—a)[a)-o-di) = .
0st=w

£ (22)

This completes the proof.
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Remark 3.1. From theorem 2.1 and lemma 3.1, we can conclude that the sequence {u,}”

represents the sequence of approximate solutions of Eq. (13) and hence the sequence {un}:;l
also represents the sequence of approximate solutions to system given by Egs. (5) - (7).

Now, we find the convergence of the sequence {un }::1 of approximate solutions, and for

this we need to establish a priori estimates for the high order derivers of that sequence{un}::l.

Lemma3.2.If f e Cl(H N (Q)a)) then sup (||unx||2 +||unxx||2) <c,, where c, is a constant only
0<t<e

dependingon L, @, i, 4, f,&, h, h, and c,.

Proof. Multiplying both sides of Eq. (13) by —1.a

:;, (t)and summing up over j from 1 to n,

we  yield (Uy —Unu = 2(Upy —Ungee ) s Une ) = (NU, + F, U, ), which  gives the  following
equation:

1d
_Ea(”unxnz +||un><><||2)_ﬂ(”unxxn +||UHXXX|| ) (Nun + 1, unXX)' (23)

From the Young’s inequality, we have

£
UQ funxxdx‘ < E”um”2 +—, (24)

1(9)} '

Combining inequalities (8), (22) and Young’s inequality, we obtain that

where &> 0is a constant and M = sup {

0<t<w

‘f xt

RTINS o T

C g
<10 e ol + B0 ) Enumnzﬂ—“«

C, 2¢

(25)

Combining inequalities (9), (22), Cauchy-Schwarz inequality, Young’s inequality and
lemma 3.1, we have

1
‘I ununXXunXXXdX‘ = ‘_EJ.QUHXUIEXXdX ||unx||||unxx|| - _Cl/Zh ||u ||]/2 || ||3/2
(26)
3 chd 3 3 ché
< Ze”u ||2HS + 62 2 <ZgC+— 8||Unxx|| +Zg||unxxx ||2 +$823.
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Choosing ¢ small enough such that %g<§and using inequalities (24) - (26) in Eq.

(23), we obtain

d 2 2 2 2\ M 3h'c? 9ec,  3hic]
) )< ™ 850, @

Applying the time periodicity of u,and integrating the inequality (27) with respect to t

8.3
over the closed interval [0, ], we get 4|’ (||unxx|| U )dt <(M | shie 9520 3322(;; J“)
g g &

Thus there existsa t” e [0, a)] such that

2

+

unxx (t* )

Hence from inequalities (27) and (28), we get

u (t* )H2 <M, Shicy 4, 3o : (28)
o u\ & & 2 32¢°

d 3h'c? 9ec, 3hic
&l ool )< 2 2 22 30 9

Integrating the inequality (29) with respect to t from t" to t e[t*,t* +a)], we have

O [
b0 [M L 20 oo (O o

(M 3hic? 9gc h“JCH[M 3hic? 9gc+3h§cfj1

*

I’]XX

2 328

nx H

2) (M | 3niel  9ec, +3h§cfja)

o +

=|u

£ 2 328

M 3hl“c2 930 h83 (m j
&

Therefore, we deduce that
M 3R'¢? 9ec, 3h? 1
Sup(zltm2 - 2)3 el e L2564, 20; PN PO
e € & 2 e u) (30)

This completes the proof.

-33-



World Scientific News 142 (2020) 25-43

In the following lemma, we continue the formation of priori estimates for the high order
derivers of the approximation solution sequence {un }‘::1 by an inductive argument.

Lemma 3.3. For any r>0, if feC'(H(Q);w), then sup (HD”lu

0<t<w

where b is a constant only depending onL, ®, &,r,h,h,,h;, f, .

2
+ H Dr+2un

2)sb,

n

Proof. If we consider r =0, then lemma 3.3 is obviously hold from lemma 3.2. Assume that
for O<r<r —1 where r, > 2, lemma 3.3 holds. By induction method to complete the proof of

this lemma, we have to prove that the lemma is also hold for r =r,.
Multiplying both sides of Eq. (13) by (—1)r1+1 Ai*a, (t)and summing up over j from 1 to
n, we yield

i+ d I+
(922 (lo s,

2
+HDr1+2un

2)+(_1)ﬁ+1ﬂ(uon+zun [,

2) =(Nu,+f, D%y, ). (31)

From the Young’s inequality, we have

I f DZ(““)undx‘ =
Q

I D f Dr1+3undx‘ SEHD“"*Un
Q 2

"+ o] (32)

where & > 0is a constant.
Since the lemma is hold for 0 <r <r,—1, then from inequalities (8), (10) and Young’s
inequality, we obtain that

n+l
2 2(r+1) i i n+1-i n+1
U.QununXD ' undx‘s”un”w‘jﬂ[g C,,D'u,D" uanD1 u, dx
i=0

<., J,

n+2 n+l
u,D*u,D*"u,

dx +[u, | IQ dx

n+l

i i n+1-i n+1
ZcrlJrlD |"InD ' unx D ' un
i=0

(33)

2

dx

n

2
< 8” Dr1+2un HZ + I:hlz;i‘bil HDT1+1U =+ h1 ||un ||H1 J-Q‘[rlzﬂ C:1+1DiunDrl+l_iunX] Dr1+lun
i=0

<e|Du, [ +b(e,h, by 1,).

and
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U u, u, D"y dx

nXx="nxx

<Jun. |,

<2¢

r+1 r+3
D*"u,D*

i+1
DU,

DI’1+l—iun
0

DI’1+3
Q

u,|dx (34)

r+1

rl+3
D n

(1,h1,g,L).

Similarly, we also obtain that

r+1
UQununXXXD u dx

< IQ ‘un Dr1+3un Dr1+2un

lcipu, (D=, )

2 S i i 3 2 (35)
u D""u_ . (;‘CHD u D" unle u, |dx
n+3 n+2 n+2 -+ n+2 n+2
Sb(rl,hl,hg)(ng u D""?u D", ,|D""u,D un}cix+.[QD u, )

Again, since the lemma is hold for 0 <r <r, —1, then from inequalities (9) and Young’s
inequality, we get

b(rl,hl,hs)f

r1+3
D n

Dr1+3u Dr1+2

. [dx
2(r+2)/(r+3) HU Hz(l—r1+2/(rl+3))

( h1 h h 8)” nijpas
13+b( My h b e ) u,

£||D"u H +é&|u,

<260, [ +e D5, [ +b (1 by hye),
b(rl’hl’hs)jg Dr1+2 dX<b( h1 h h )” ”H?J;Z (n+3) ||un||2(17r1+2/(r1+3))

2
<g|D"u,| +&|D""u,

“1b(n,h, hy,h, ),

2
dx < ¢||D"?u,| +b D",

b(r,,hy,hy) [ [D*u, D™y, (r,h,h,e)

<e|D*u, [ +b(r,h,hy, ),

and

b(r,h,hy) [

2
DI’1+2un Drl+2un +b

(r,h,hy,eL).
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Combining the above inequalities with the inequality (35), we have

2 2
D"y, | +4¢|D""u, | +

n

r+1)
U U D7 UndX‘Ssé‘

b(r,h,, h,,hy,e,L) (36)

Using inequalities (31)-(34) inthe inequality (36), we get

Yo

2 2
+14¢| D"y, || +

2 2 2
Dr1+lun + Dr1+2u Dr1+2un + Dl’l+3un

al
dt

n

) 37)

<15¢[ D" b(r,hy, hy,hy, s, f,L).

n

Choosing & small enough such that 15¢ < 4, then from (37) we have

Yo

Applying the time periodicity of u,and integrating the inequality (38) with respect to t
over the closed interval [0, @], we get

2,45(

Thus there existsa t” e [0, a)] such that

2
Dr1+1un + Dr1+2u Dr1+2

al
dt

ey, )<b -, hy, e, ,L).(38)

n

+ Dr1+3

n+2
DU,

et <b(rhy bz T Lo

+|Du, H b('&,hl, hz;,ha’g, f,L)-

Drl+2 H

(39)
Hence from inequalities (38) and (39), we get

ail
dt
Integrating the inequality (40) with respect to t from t'to te[t,t"+ |, we have

g D""?u, (t)”2 —( D%, (t*)H2 +

D%, (1) +[ D5, (1) < @b(r.hy, hy by, e, FLL)+

n +l n+2
D" +|D

u Z)Sb(rl,hl, hyhy,e, f,L). (40)

D%y, (t)”

D'1+2un(t*)H2)£a)b(rl,h1, h,,h,, &, f,L)

= D, ()] + D2, (1)

1

:b(rl,hl, h,,h,, &, f,L)(a)+—j.

U
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Therefore, we deduce that

Sup( |D?‘1+114n 2 +|Dﬁ+21¢n 2) gb(rl,hl, fﬁz,kg,g,f,L)(a)+ h; Jéb‘
0<i<w ‘Lt (41)
Thus, the lemma is hold for r =r,. This completes the proof.
Lemma 3.4. For anyr=0, if feC'(H"™(Q):@), then sup(|D'u,["+[D™"u, )b,
0<t<w

where b, is a constant only depending on L, w, i, ¢, 4,,h,h,h,,h; and f.

Proof. We first prove that the lemma is hold of r =0, that is we prove that f Cl(Hl(Q);a))
implies, Os<tt1<p (||unt ||2 +|Une ||2) <h.

Multiplying both sides of Eqg. (13) by &, (t)and summing up over j from 1to n, we get
”unt ”2 -i_”unxt”2 :(Nun + f + lu(unxx _unxxxx)’unt ) (42)

Now by lemma 3.3, we have f eC'(H'(Q);o) implies,||un||2H4 <b,. Hence

‘(Nun + f +lu(unxx _unxxxx)’unt) SHNun + f +/u(unxx _unxxxx)

e < B u | (43)

Combining Eg. (42) and inequality (43), we obtain that
SUP ([ +{une ) <
0<t<w

Thus, the lemma holds for r =0. Now we assume that the lemma is hold for O<r <,
where r, >1. By induction method to complete the proof of this lemma, we have to prove that
the lemma is also hold for r =r, +1.

Multiplying both sides of Eq. (13) by (—1)“+l Aia (t)and summing up over j from 1 to
n, we yield

("

2
Dr1+1u +‘ Dr1+2um

nt

2) = ( Nun +f+ lu(unxx — U )' DZ(rﬁl)unt ) (44)

Now by lemma 3.3, we have f eC'(H""? (Q);a))implies,‘
Hence

D'u,

<b, where r <r, +1.
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u

XX X ) )

‘(Nun +f+u(u Dz(r”l)um)

< HDfﬁl ( NU,, + f + 22(Une = Upoos ))HHDrl+lu"‘ (45)

R+l
<b [D*"u,

Combining Eqg. (44) and inequality (45), we obtain that

2 nL+2
+HD1 Uy

nt

sup (HD'l*lu

0<t<w

z)sbl.

Therefore, the lemma is hold for r =r, +1. This completes the proof.

4. TIME-PERIODIC SOLUTION TO THE vmDP EQUATION
This section is devoted to establish the existence and uniqueness criteria of time-periodic
solutions to the vmDP equation given by Egs. (5) - (7).

We first we establish the existence of time periodic solution for vmDP equation given by
Egs. (5) - (7), for which we construct the following theorem.

Theorem 4.1. For any f eC'(H™(Q);m), r>0, there exist a time periodic solution of
u(x,t)to Egs. (5) - (7), such that u(x,t) e L (H™*(Q); @) "W** (H'" (Q); @) .

Poof. According to remark 3.1, we have the sequence{un}::lis the sequence of approximate

solution of Egs. (5) - (7). So, to complete the proof of this theorem, we have only to prove that
the sequence of approximate solution {un}:;lis converges and the limit of this sequence is

u(xt)el”(H™(Q);0)nW"* (H'(Q);0).
Using lemmas 3.1-3.4 and standard compactness arguments, we conclude that there is a
subsequence {unk } k=1,2,3,--,00, such that for any f e C'(H""*(Q);®) r >0, we get
U, (x.t) >u(x.t), weaklyin L* (H™*(Q); );
u, (xt)>u(xt),strongly in L*(H™*(Q); ),
Uy (%) > U (xt), weaklyin L (H™ (Q); 0);
U, (%) > U (x.t), strongly in L” (H" (Q); o),

From the above discussion, it is clear that the nonlinear terms of Eq. (13) are well defined.
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Thus

Uﬁ (unx - ux)

as n—oo,uniformly int.

u’u, —uu (< +

<, =0+ Ju, 0l o~ o0,

ux(uf—uz)

lu —UU || <

< ”u ”unxx _uxxn +||UXX||CD ”unx —“x”w -0,

nx ||oo

Uny (unxx —Uy )H+Huxx (unx _ux)
as n—oo,uniformly int.

nxunxx

”ununxxx —quxx” < ”un”w ”unxxx _uxxxn +||un _u”oo ”uxxxn < ”un”w ”unxxx —Um” + hl ”un _u”Hl ”uxxxn —0,
as n—oo,uniformly int.

Therefore, it follows that

(U = Uy = 2(Upy =Upp ), v) =(Nu+ £, v), vel’, .
Now applying the priori estimates obtained in the previous section, we can say that
u(x,t) satisfies the following vmDP equation

u, —uy, — M1, —u, )= Nu+ f, almostevery where on R'x Q.

Hence u(x,t)el”(H™*(Q);@)nW""(H"(Q);w)is the time periodic solution of
vmDP equation given by Egs. (5) - (7), which is also the converging limit of the sequence of
approximate solution. This completes the proof.

Now, we establish the uniqueness of time periodic solution of vmDP equation given by
Egs. (5) - (7), which is in following theorem.

Theorem 4.2. Suppose that the hypothesis of theorem 4.1 holds. If M = sup {‘f (x.t) ZH_l(Q)}
0<t<w

is sufficiently small, then the time periodic solution of Egs. (5) - (7) obtained in theorem 4.1 is
unique.

Proof. Let u=u(

x,t) and u” =u’"(x,t)betwo distinct time periodic solutions of Egs. (5) - (7).
If we set v(x,t)=u(x,t)—u"(xt), then from Eq. (13), we get

Vi —Vige — (Vg = Vo ) = NU—=NU". (46)

Taking the inner product in both sides of Eq. (46) with v, we have

1d )
St () ()= (N =N, ). a

-39-



World Scientific News 142 (2020) 25-43
From inequality (10) and Eq. (47), we obtain
1d u 7 «
Ea(”V”Z +||Vx||2)+2_h32”v”2 +5||Vx||2 vl < ( Nu—Nu", v). (48)

Since

‘(—4u2ux n 4u*2u:,v)‘ < ‘(—4u2vX , v)‘ + ‘(—4(u + u*)vu:,v)

(49)
<2|uff (||v||2 +||vx||2)+ Auy ‘u +u Hw V[ < (2hfc1 +8h’c)’*cy? )||v||2 +2hZe v, |’
(3.0 =30 V) < u |, (W + vl +3 2], (W + vl 50)
<3hc2|v] +3hct? v, | +3hc? v, -
‘(UUW - u*u’;xx,v)‘ < IQ|uxWxx|dX + IQ|quvXX U WV, |dx
1 1
< Sl (M )+ (el + v ) +2 (IIVII +[valf) (51)
<t vf + G he + 2hlc;/2j||vx||2 + (% et + I j||vxx||2 .
Now, if M is sufficiently small such that
2h’c, +8hcl?cl? + = hlc]/2 4h3 , 2hZc, +6hcl? += hlcj/2 < ﬂ L hlcj/"- +— mcl/z 2 (52)
Combining the inequalities (48)-(52), we get
d
oM+l )+ (I +w ) <o (53)
where & > 0is a suitable constant.
Applying Gronwall’s inequality [31] in (53), we obtain that
(M O ) (v @) + (O ), for any >0, (54)
Since vis o -periodic in t, then for any positive integer m we have
2 2 2
(I + O )= v, (t+mo)f’). (55)
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From (54) and (55), we get

() (O )= (v o) +

Which gives us

v, (O)Hz ) e_a(t+mw)_

v(0)=v,(0)=0.

Hence u(x,t)=u"(x,t), i.e., the time periodic solution of Egs. (5) - (7) is unique. This
completes the proof.

5. CONCLUSIONS

In this study, we have proven the new existence and uniqueness criteria for time periodic
solution to the vmDP equation applying the Galerkin’s method and Leray-Schauder fixed point
theorem. The Leray-Schauderfixed point theorem helps us to determine the existence
ofapproximate solution point withinthe uniform priori estimates, whereas uniform priori
estimates of approximate solution of vmDP equation is constructed by using Galerkin’s method.
Using theorem 4.1, one can easily be checked the existence of time periodic solution of vmDP
equation given by Eg. (5)-(7) and theorem4.2 ensure the uniqueness of that time periodic
solution. The established results provide an easy and straightforward technique to cheek the
existence and uniqueness of time periodic solution to the vmDP equation. Furthermore, the
results of this research extend the corresponding results of Foias et. al. [21], Gao and Shen [22]
and Gao et. al. [23].
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