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ABSTRACT   

The constrained path Monte Carlo method was used to solve the Hubbard model for strongly 

correlated electrons systems analytically in arbitrary dimensions for one, two and three dimensional 

lattices. The energy variations with electron filling, electron-electron correlation strength and time as 

well as the kinetic and potential energies of these system were studied. A competition between 

potential and kinetic energies as well as a reduction of the rate of increase of the potential energy with 

increasing correlation were observed. The degenerate states of the lattice systems at zero correlation 

and the increase in the energy separation of the states at higher correlation strengths were evident. The 

variation of the energy per site with correlation strength of different lattice sizes and dimensions were 

obtained at half filling. From these it was apparent that the most stable lattices were the smallest for all 

the different dimensions. For one dimension, the convergence of the results of the constrained path 

method with the exact non-linear field theory results was observed. 

 
Keywords: Strongly correlated electron systems; constrained-path Monte Carlo method; Hubbard 

model; dynamical mean field theory 
 

 

 

1.  INTRODUCTION  

 

Transition metal oxides such as nickel oxide and cobalt oxide even though having 

partially filled d orbitals were reported by De Boer and Verwey in 1937 to have transparent 

insulating properties, contradicting the  implications of conventional band theory [1]. Mott 

suggested that the Coulombic repulsion between the electrons prevented metallicity in these 
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materials and these materials were called Mott insulators [2]. In strongly correlated materials, 

the potential energy arising from this Coulombic repulsion, competes with the electron kinetic 

energy to give interesting properties, one being the Mott metal to insulator transition. In 

resistivity measurements conducted on transition metal compounds containing magnetic 

impurities, a minimum in resistivity was observed at a specific temperature. Until Jun Kondo 

in 1964 showed that this minimum arose from the competition between electron-phonon 

scattering and spin-spin scattering, it remained a paradox [3].  

This type of behaviour occurs mainly due to strong electron-electron interactions and 

correlations. These materials called strongly correlated electron systems, led to the emergence 

of a separate paradigm in condensed matter physics. Apart from transition metal oxides and 

perovskites, this phenomenon has been found to be prevalent in graphenes, fullerenes and as 

well as in soft-matter like polymers [4]. The narrower the band, the longer will an electron 

stay on the atom and thereby feels the presence of other electrons more. Therefore a narrow 

bandwidth implies a stronger correlation. In many materials with partially filled d or f orbitals 

such as the transition metals, vanadium, iron, nickel and their oxides or rare earth materials 

such as cerium experience strong electron correlations as the electrons occupy narrow orbitals 

[5]. 

The conventional models failed to explain these unusual properties due to the fact that 

the electrons were treated as separate non-interacting entities, which worked for most 

materials used widely such as silicon and aluminum. For strongly correlated materials, when 

the electron-electron interactions are taken into consideration, the problem evolves into a 

many-body problem which is difficult to solve even for simple lattices. The Hubbard 

Hamiltonian includes the electron-electron repulsions and was initially used to study the 

transition metal oxides. Over the years the Hubbard model has been applied to more complex 

systems using mean field approaches and was used to study high temperature superconductors 

in the 1990s. Despite being simple in form, it was successful in explaining the behavior of 

these materials to a larger extent. The fact that the Hubbard model cannot be solved 

analytically in arbitrary dimensions led to various numerical approaches such as the Lanczos 

algorithm at absolute zero and finite-temperature auxiliary field Monte-Carlo for low 

temperatures. The Hubbard model in its pure form is able to explain basic features of 

correlated electrons but it cannot account for the detailed physics of real materials. The 

independent electron approximation used in density functional theory approaches is not used 

in this approach, and the only approximation is that the lattice self-energy is momentum 

independent [6]. 

In this paper, the strongly correlated electron systems were investigated by the Hubbard 

model approach [7] with constrained path Monte Carlo method [8] in Slater determinant 

space. A  linear chain of 2 1 1   electrons sites in one dimension, a  planar square lattice of 

2 2 1   in two dimension and a cubic lattice of 2 2 2   electron sites in three dimension 

were studied through total energy, kinetic energy specified by hopping integrals and potential 

energy dictating the form of the Hubbard-Stratonovich transformation calculated from 

Hellman-Feynman theorem. Their behaviour with time and electron-electron correlations 

were studied by setting the hopping parameter in all directions to unity. The number of Slater 

determinants was set to 100 and the time step 0.01s.   For different lattice sizes 2 1 1  , 

4 1 1   and 8 1 1   1D lattices, 2 2 1  , 3 2 1  , 4 2 1   2D lattices and 2 2 2  , 3 2 2  , 

4 2 2   3D lattices, the variations of the energy per site with correlation was obtained. For 
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the 2 1 1   lattice in one dimension, the results of the constrained path method with the exact 

non-linear field theory was compared. 

 

 

2.  HUBBARD MODEL FOR STRONGLY CORRELATED SYSTEMS 

 

The most complete model yet to describe strongly correlated systems is the Hubbard 

model introduced by John Hubbard in 1963 [7]. A regular array of fixed nuclear positions in a 

solid lattice is considered neglecting the lattice vibrations and the electrons move around in 

this lattice. Initially the atom is considered as having one energy level open for electron 

occupation thereby giving two electron sites of spin up and spin down possible. The electrons 

interact via the screened Coulomb interaction, and the largest interaction is between two 

electrons at the same site. The interaction is modeled by considering an additional term, the 

correlation strength U when two electrons occupy the same site and this is set to zero if a site 

is unoccupied or occupied by only one electron. Since the interactions between electrons on 

the same site is much larger than the interactions between electrons on neighbouring sites, the 

interactions between electrons from neighbouring sites are not considered. This electron-

electron interactions gives rise to the potential energy term in the Hubbard Hamiltonian. The 

kinetic energy term arises from the electron hopping governed by the hopping integral t, 

which is the energy scale in most Hubbard calculations. The hopping is determined by the 

overlap of the two wave functions on a pair of atoms. Since electron wave functions die off 

exponentially with distance, only hopping to nearest neighbours are considered. †
jc   is 

defined as the electron creation operator, which creates an electron of spin σ  at lattice site j 

and ic   is defined as the electron destruction operator, which destroys an electron of spin σ  at 

lattice site i. Hubbard hamiltonian is defined as: 

 
†

,

( )j i j j j j
j i j j

H t c c U n n n n 



   

                (1) 

 

The first term of the Hamiltonian is the kinetic energy term which denotes the 

destruction of an electron of spin   at site i and a creation of an electron of spin   at lattice 

site  j. The term ,j i  in the summation denotes the fact that hopping is allowed only between 

two adjacent sites. The second term is the potential energy term and it checks all sites and 

adds energy of  U  when it finds a site is doubly occupied. The third term is the chemical 

potential controlling the filling of electrons. Most interesting phenomena are observed in 

strongly correlated materials when there is only one electron per site initially, which 

represents the half filling state. 

 

 

3.  CONSTRAINED-PATH MONTE CARLO METHOD 

 

The constrained path Monte Carlo method combines the concept of the Hubbard 

Stratonovich transformation and Slater determinants with branching random walks [8]. In this 

study it is assumed that the Hamiltonian conserves the total z-component of the electron spin
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zs  and that there is no transfer of spins. Therefore the number of electrons with each spin up 

and down component is fixed. The number of lattice sites in the Hubbard model was 

considered as M  and the i
th

 single-particle basis state as 
i . If N is the number of electrons 

in the system, then N  is the number of electrons with spin ( = or )σ σ    and N M  .  For 

a single particles wave function  , the coefficients of the expansion in the single particle 

basis  i  is given as the M-dimensional vector : 

 
† 0i i ii

i i

c                  (2)

  

The many-body wave function 
 
which is written as a Slater determinant is formed 

from the N-different single particle orbitals by their symmetrized product: 

† † †

1 2
ˆ ˆ ˆ 0

N
                 (3) 

 

where the operator 
† †

,
ˆ

i i mm
i

c     creates and electron in the m
th

 single-particle orbital 

described by equation 1.   is an M N  matrix referred to as a Slater determinant 

representing  the coefficients of the orbitals  . The many-body ground state 0  and the 

many-body wave function 
 

are not necessarily a single Slater determinant. The 

constrained path Monte Carlo method works with a one-particle basis in Slater determinant 

space. When the energy is taken in terms of the hopping parameter t, it is useful to write the 

Hubbard Hamiltonian in the form:  

          

 †

,

( / ) / ( / ) ( )j i j j j j
j i j j

H t c c U t n n t n n 



   

      
         

(4) 

 

The coulomb repulsion from electrons on the same site is U. It is useful to give all 

energy related measurements in terms of the hopping parameter t since we are focusing on the 

correlations which depend on the strength of the interaction between the electrons and not on 

the hopping of the electrons. Therefore the hopping parameter t which is a unit of energy is 

set to unity and the parameter /U t  is the correlation strength.  

The difference in the Hubbard Hamiltonian and the general electronic Hamiltonian is 

the structure of the matrix elements of kinetic energy K̂  and potential energy V̂  and this 

difference captures the properties of strong correlation. K̂  is specified by hopping integrals of 

the form ijK  
while the elements of  potential energy V̂  dictates the form of the Hubbard-

Stratonovich transformation. The ground-state wave function 
0  can be obtained from a 

trial wave function 
T  not orthogonal to 

0  by repeated applications of the ground-state 

projection operator 
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ˆ( )TH E

gs
ep

                (5) 

 

where 
TE  is the best guess of the ground-state energy. If the wave function at the n

th
 time step 

is 
n  , the wave function at the next time step is given by 

 
ˆ( )1 TH En ne

                           (6) 

 

with a small time step  . The second order Trotter approximation: 

 
ˆ ˆ ˆ ˆ ˆ ˆ( ) /2 /2H K V K V K

e e e e e
                    (7) 

 

The kinetic energy, the one-body propagator 
ˆ /2

/2
ˆ K

KB e 
 
and the potential energy 

propagator V̂e   does not have the same form. A Hubbard Stratonovich (HS) transformation 

transform the potential energy propagator to the desired form. In the Hubbard model, we can 

use the following: 

 

( )( )/2

1

( )
x n nUn n U n n i i ii i i i

i
xi

p x ee e
         



          (8) 

 

where   is given by cosh exp( / 2)U   . ( ) 1/ 2ip x   is interpreted as a discrete 

probability density function with 1ix   . The exponent on the left, comes from the 

interaction term V̂  on the  i
th

 site is quadratic in n, indicating the interaction of two electrons. 

The exponents on the right, on the other-hand, are linear in n, indicating two non-interacting 

electrons in a common external field characterized by ix . Thus an interacting system has been 

converted into a non-interacting system in fluctuating external auxiliary fields ix , and the 

summation over all such auxiliary-field configurations recovers the many-body interactions. 

The linearized operator on the right hand side in equation is the spin ( )i in n
 


 
on each site. 

The first component of the constrained path Monte Carlo method is the reformulation of 

the projection process as branching, open-ended random walks in Slater determinant space 

instead of updating a fixed-length path in auxiliary-field space. We define ˆ ˆ( ) ( )V VB x B x


 . 

Applying the HS-transformed propagator: 

 

1

/2 /2
ˆ ˆ ˆ( )[ ( ) ]T

n nE
K V K

x

P x B B x Be
 

                        (9) 

 

In the Monte Carlo realization of this iteration, the wave function at each stage is 

represented by a finite ensemble of Slater determinants: 
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n n

k
k

               (10)  

 

where k labels the Slater determinants and an overall normalization factor of the wave 

function has been omitted. These Slater determinants will be referred to as random walkers. 

The iteration in equation 9 is achieved stochastically by Monte Carlo sampling of x . That is, 

for each random walker n

k , an auxiliary-field configuration x  is chosen according to the 

probability density function ( )P x  and propagate the determinant to a new determinant

1

/2 /2
ˆ ˆ ˆ( )

n n

K V Kk k
B B x B 


 . This procedure is repeated for all walkers in the population. 

These operations accomplish one step of the random walk. The new population represents 
1 1n n

k
k

 
 
 . These steps are iterated until sufficient data has been collected. After an 

equilibration phase, all walkers thereon are Monte Carlo (MC) samples of the ground-state 

wave function 
0

 
and ground-state properties can be computed. We will refer to this type of 

approach as free projection. In practice, branching occurs because of the re-

orthonormalization of the Slater determinants. Computing the mixed estimator of the ground-

state energy: 

 

0

0

ˆ
T

mixed

T

H
E

 

 
                       (11) 

 

requires estimating the denominator by 
T k

k

   where 
k  are random walkers after 

equilibration. Since these walkers are sampled with no knowledge of 
T k  , terms in the 

summation over 
k  

can have large fluctuations that lead to large statistical errors in the MC 

estimate of the denominator, thereby in that of mixedE . To eliminate the decay of the signal-to-

noise ratio, we impose the constrained path approximation. It requires that each random 

walker at each step to have a positive overlap with the trial wave function 
T : 

 

( )
0

n

T k                          (12) 

 

The constrained path approximationis easily implemented by redefining the importance 

function: 

 

 ( ) max ,0T k T kO              (13) 

 

The mixed estimator for the ground-state energy for an ensemble is given by 
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[ , ]mixed Lk kT k
k k

w wE E                       (14)  

 

where the local energy LE  is: 

 

ˆ
[ , ] T

L T

T

H
E

 
 

 
           (15)  

 

This quantity can be easily evaluated for any walker (Slater determinant)   as follows. 

For any pair of Slater determinants 
T  and  , we can calculate the one-body equal-time 

Green's function as: 

 
†

† † 1( )
j iT

j i T ij
T

c c
c c

    

 





              (16)  

 

This immediately enables the computation of the kinetic energy term 
†

j iT
ij

t c c 


   .  

The potential energy term 
† †

T i i i i
i

U c c c c 
   

 
does not have the form of  equation 

16, but can be reduced to that form by an application of Wick's theorem: 

 

† † † † † † † †

i i i i i i i i i i i i i i i i
c c c c c c c c c c c c c c c c
               

      (17) 

  

The reduction occurs because the up and down spin sectors are decoupled in both 
T  

and  . This is not the case in a pairing or generalized Hartree-Fock wave functions. The 

former is the desired form for U < 0. The latter can be used to improve the quality of the trial 

wave function for U > 0, and is necessary if the Hamiltonian contains spin-orbit coupling. The 

potential energy value 
† †

T i i i i
i

U c c c c 
     when combined with the kinetic energy value 

†

i jT
ij

t c c 


    provides an unbiased estimate for the total energy, but the potential and 

kinetic energy terms alone are biased. From the kinetic energy term it implies that the kinetic 

energy has no variation with correlation strength, but it is known to vary with the correlation. 

Therefore the potential energy is calculated using an alternative method, the Hellman-

Feynman theorem: 

 

( ) ( )
dH dE

PE U U U U
dU dU

            (18) 
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Here /dE dU  is calculated from the finite-difference formula. The kinetic energy value is 

then obtained by deducting the potential energy from the total energy. Since both the total 

energy and potential energy are unbiased estimators, the kinetic energy is then unbiased too. 

The derivative was obtained using the five-point difference formula: 

 

( 2 ) 8 ( ) 8 ( ) ( 2 )

12

dE E U U E U U E U U E U U

dU U

         



             (19) 

 

 

4.  TOTAL ENERGY AND ELECTRON FILLING       
 

The total energy of the 

electron system with time for 

full filling and half filling 

were calculated for one (1D), 

two (2D) and three (3D) 

dimensional lattices. A linear 

chain of 2 1 1   sites 

( 2, 1, 1)x y zL L L    for 

the 1D case, a planar square 

lattice of 2 2 1   electron 

sites ( 2, 2, 1)x y zL L L  
 

for the 2D case and a cubic 

lattice of 2 2 2   sites 

( 2, 2, 2)x y zL L L  
 

for 

the 3D case were considered. 

iL  denotes the number of sites 

in the i
th

 direction. The 

hopping parameter was set to 

unity in all directions. The 

number of Slater determinants 

was set to 100 and the time 

step to 0.01s.   The 

interval between energy 

measurements was set to 20 

blocks.  

An energy measurement 

is made every 0.2 seconds. The variation of total energy as a function of time for the half 

filling and full filling cases obtained for the 1D, 2D and 3D lattices. These are shown in 

figures 1, 2 and 3. From these figures we can see that for 1D, 2D and 3D lattices, the total 

 
 

1(a): Half-filling                                                                         

 
 

1(b): Full filling 
 

Figure 1. Total Energy E/ t against time for the 1D 2 1 1   
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energy varies with time in the half-filling cases only, while it is a constant in time for the full 

filling case. The energy oscillates in a specific region for the half-filling case and at 

correlation strength of / 4U t  , the total energy of the system at full filling is positive, which 

implies that the system is not bounded and is unstable for full filling under this formulation. 

Around half-filling is where the strange properties of the strongly correlated materials maybe 

found, which is confirmed from most experimental results. Therefore from here on in the 

study, only half filling cases were considered for all the lattice systems. 

 

 

2(a): Half-filling 

 
 

2(b): Full filling 
 

Figure 2. Total Energy E/t against time for the 2D 2 2 1  lattice  
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3(a): Half-filling 

 
 

3(b): Full filling 
 

Figure 3. Total Energy E/t  against time for the 3D 2 2 2  lattice  
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5.  TOTAL ENERGY, CORRELATION STRENGTH AND TIME  

 

The total energy of the electron system with time and the electron-electron correlation 

strength for the half filling case was obtained for the same one, two and three dimensional 

lattices. The hopping 

parameters in x, y and z-

directions were set to unity

( 1, 1, 1)x y zt t t   . The 

number of Slater determinants 

was set to 100 and the time step

0.01s  . The on-site 

repulsion strength U/t was set to 

increase from 0 to 8.0 in steps 

of 0.5. The imaginary time   

was set to run from 0 to 6 s in 

the 1D case and 0 to 12 s in the 

2D case and 0 to 18 s in the 3D 

case in steps of 0.01 s. The total 

energy in terms of hopping 

parameter and correlation 

strength as well as time for one, 

two and three dimensional 

lattices are shown in figures 

4(a), 4(b) and 4(c) respectively. 

These figures show that for 1D, 

2D and 3D systems, the total 

energy of the system increases 

with the correlation strength 

while oscillating with time. The 

variation with correlation 

strength is more significant than 

the variation with time. The 

oscillation of the total energy of 

the system with time is more 

prominent at higher correlations 

strengths. This explains the fact 

that when there is zero 

correlation strength with time, if 

an electron from a singly 

occupied site jumps to another 

singly occupied site, giving a 

double occupied site and an 

empty site since the correlation 

strength is zero, there is no 

change in energy. Therefore 

although the configuration of 

 
 

Figure 4(a): For 1D 2x1x1 lattice 

 

 
 

Figure 4(b): For 2D 2x2x1 lattice 

 

 
 

Figure 4(c): For 3D 2x2x2 lattice 

 
Figure 4. Total Energy E/t, correlation strength U/t and time for 

1D (2x1x1), 2D (2x2x1) and 3D (2x2x2) lattices 
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the system has changed, the energy remains the same and the two states are degenerate in 

energy. But when the correlation strengths are non-zero and increasing, the doubly occupied 

state has more energy than the state with two singly occupied sites, therefore when the 

electron jumps to a singly occupied site giving that site double occupancy, the energy of the 

system increases and it goes to a higher energy state, and when the electron jumps back, the 

system goes to a lower energy state, thus giving oscillations in the total energy of the system 

with time as correctly predicted for the three cases in the above plots. 

 

 

6. POTENTIAL ENERGY AND KINETIC ENERGY AGAINST CORRELATION 

 

The variation of the potential energy (PE) and kinetic energy (KE) of the electron 

systems with correlation strength were calculated for the same 1D, 2D and 3D lattice systems 

at half filling. The hopping 

parameters were set to unity

( 1, 1, 1)x y zt t t   . The 

number of Slater 

determinants was set to 100 

and the time step

0.01s  . The on-site 

repulsion strength U/t was 

set to increase from 0 to 8.0 

in steps of 0.25. The energy 

measurements were taken 

10 times and the standard 

error was taken as the error 

in the energy values. 

Second order polynomials 

were fitted to the data. The 

kinetic energies and 

potential energies as a 

function of correlation 

strength U/t for 1D, 2D and 

3D are shown in figures 5, 

6 and 7 respectively. From 

the above figures it can be 

seen that the potential 

energy initially increases 

with the correlation 

strength, but as the system 

enters the strong coupling 

regime, the potential energy 

saturates and decreases 

gradually. It is seen that 

kinetic energy continues to 

increase in the weak, 

 
 

Figure 5(a): Potential enery against correlation in terms of hopping 

parameter t for 1D 2x1x1 lattice 

 

 
 

Figure 5(b): Kinetic enery against correlation in terms of hopping 

parameter t for 1D 2x1x1 lattice 
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 intermediate and strong coupling regimes. It can also be seen that the errors in the potential 

energy is slightly higher than that of the kinetic energy. Also it shows that the potential energy 

and kinetic energy values agree significantly with the second order polynomial, therefore we 

can say that the energies are of the second order with correlation. The kinetic energy 

continues to increase in the weak, intermediate and strong coupling regimes. 

 

 
 

Figure 6(a): Potential enery against correlation in terms of hopping parameter t for 2D 2x2x1 lattice 

 

 

 
 

 

Figure 6(b): Kinetic enery against correlation in terms of hopping parameter t for 2D 2x2x1 lattice 
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Figure 7(a): Potential enery against correlation in terms of hopping parameter t for 3D 2x2x2 lattice 

 

 

 
 

Figure 7(b): Kinetic enery against correlation in terms of hopping parameter t for 3D 2x2x2 lattice 

 

 

7.  ENERGY PER LATTICE SITE VS. CORRELATION STRENGTH 

 

The energy of the 1D, 2D and 3D lattice systems are governed by the number of 

electrons, the filling, and the correlation strength, when the temperature and hopping 

parameter are fixed. Since the energy depends on the number of electrons or the number of 

lattice sites, the energy per lattice site for a system is a better measure for the comparison of 

the energy in lattice systems. The variation of the energy per lattice site with correlation 

strength both in terms of the hopping parameter were compared for the 1D 2 1 1  , 2D 

2 2 1   and 3D 2 2 2   lattice systems. The hopping parameter was set to unity in all 

directions. The number of Slater determinants were set to 100 and the time step 0.01s  . 
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The on-site repulsion strength U/t was set to increase from 0 to 8.0 in steps of 0.5. The energy 

values were calculated for 10 seconds and averaged for each correlation value. The standard 

error was taken as the error in energy. A second order polynomial was fitted to the data. These 

are shown in the figure 8 with 1D in blue, 2D in green and 3D in red. 

 

 
 

Figure 8. Energy per site againstcorrelation per hopping parameter for 1D, 2D ,3D lattices 

 

 

The above plot shows that the energy per site of the 3D system is more negative than 

the 2D system which is more negative than the 1D lattice system. This shows that the 3D 

system is the most stable when compared to the 2D and 1D systems. Also it shows that the 

1D, 2D and 3D energy values strongly agreed with the fitted second order polynomials. 

 

 
 

Figure 9. Energy per site againstcorrelation in terms of  hopping parameter for 2 1 1  (blue), 4 1 1 

(green) and 8 1 1   (red) 1D lattices 
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Figure 10. Energy per site against correlation in terms of  hopping parameter for 2 2 1  (blue), 

3 2 1  (green), and 4 2 1  (red)2D lattices 

 

 
 

Figure 11. Energy per site against correlation in terms of  hopping parameter for 2 2 2   (blue), 

3 2 2  (green) and 3 2 2  (red) 3D lattices 

 

 

The energy variations per site with correlation was obtained for different sizes of the 

latices namely, 2 1 1  , 4 1 1  , 8 1 1   1D lattices, 2 2 1  , 3 2 1  , 4 2 1   2D lattices 

and 2 2 2  , 3 2 2  , 4 2 2   3D lattices. A second order polynomial was fitted to the data 

and these are presented in figure 9, 10 and 11 respectively. The comparison of 1D lattices 

showed that the 2 1 1   lattice (blue) was more stable than the 8 1 1   (red) and the 4 1 1 
(green) lattices. There is no fixed relationship between the magnitude of the energy and the 

length of the 1D chain. For the 2D lattices the 2 2 1   lattice was the most stable, followed 

by the 3 2 1   lattice. The smallest lattice was more stable and the lattices had similar 
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energies initially, but as the correlation strength increases, the energies of the three lattices 

took different values. In the 3D case the smallest lattice is again the most stable, and the larger 

lattices are of higher energies and less stable. Also the initial value of energy is not the same 

at zero correlation, unlike the 2D case. Further as in the previous cases, the data values agreed 

with the second order polynomial fit. Therefore the energy per site for all the lattices 

considered are strongly second order. 

 

 

8.  CONVERGENCE OF THE CONSTRAINED-PATH MONTE CARLO METHOD 

 

It is important to check whether the constrained-path Monte Carlo method, the method 

used in this study, converges to the actual values, so that its findings may be considered as 

accurate. There is no exact solution to the Hubbard model using dynamical mean field theory 

except in one dimension. The exact solution for the energy of a 2 1 1   1D lattice system with 

one spin up and one spin down electron obtained from nonlinear field theory [10] is: 

 

2( 64) / 2E U U             (20) 

 

Therefore the total energy results obtained for the 2 1 1  1D lattice system can be 

compared with the exact solution above to test the convergence of the constrained-path Monte 

Carlo method. The number of Slater determinants were set to 100 and the time step Δτ = 

0.01s. The interval between energy measurements was set to 20 blocks. An energy 

measurement is made every 0.2 seconds. Repeated measurements were taken and the average 

value and Monte Carlo standard error was taken as the energy and error in energy. The on-site 

repulsion strength U/t was set to increase from 0 to 8.0 in steps of 0.25. The exact calculations 

obtained from equation 21 and the values calculated from constrained-path Monte Carlo 

method are presented in figure 12 by blue and red respectively. Even with 100 Slater 

determinants, the total energy values obtained from the constrained path method agree very 

closely with the energy values obtained from the exact non-linear field theory method. 

 

 
 

Figure 12. Total energy E/tagainst correlation strength U/t from exact solution (blue) and the 

constrained-path Monte Carlo method (red)for the 1D 2 1 1   lattice. 
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9.  CONCLUSIONS 

 

For the 1D, 2D and 3D lattices at fixed temperature and at correlation strength of 4 

times the hopping parameter, the total energy was negative and the systems were bound at 

half filling. But at full filling, the total energy of the system was constant with time and 

positive indicating an unbounded nature of the system in this formulation. The 1D 2 1 1   

lattice at fixed temperature approached ferromagnetic ordering at high correlation strengths.  

It was also conclusive that for the same 1D, 2D and 3D lattices at half filling and fixed 

temperature the variation of the system with correlation was more significant than the 

variation with time and the oscillation of the total energy of the systems with time was more 

prominent at higher correlations strengths. At correlation strengths of four to eight times the 

hopping parameter, the oscillations of the total energy with time was more significant. The 

degeneracy with respect to the singly and doubly occupied states were present at zero 

correlation and were partially removed at higher correlation strengths. 

A competition between the potential energy and kinetic energy is prominent in the 1D, 

2D and 3D lattices at fixed temperature in the range of correlation strengths of zero to eight 

times the hopping parameter, although the potential energy contribution was less in magnitude 

to the kinetic energy. The variation in kinetic and potential energies with correlation strength 

can be fitted to a second order polynomial. Therefore the kinetic and potential energies of the 

1D, 2D and 3D lattices were of second order in correlation strength, but with a certain degree 

of disagreement. Further it was observed that the energy per site was the most negative that is 

most stable for the smaller lattices and as the lattice sizes increased, the negativity of the 

energies is reduced. The variation of the total energy of the 1D system obtained from the 

constrained path method and from the exact non-linear field theory method agreed well even 

with only 100 Slater determinants, indicating that the constrained path Monte Carlo method 

can be used for correlated systems.  
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