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ABSTRACT

In the present paper, we study C-compactness with respect to a grill, which simultaneously
generalizes C-compactness and G-compactness and term it as C(G)-compact space. Several of its
properties are investigated and effects of various kinds of functions on them are studied.
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1. INTRODUCTION

In the present paper, we consider a topological space equipped with a grill, a brilliant
notion that has been initiated by Choquet [1]. A grill G on a topological space X is a collection
of subsets of X satisfying the following conditions: (1)¢¢ G, (2) A egand A cB = B €g¢,
and 3) A ggand B ¢ g=>AUB ¢¢G. g{¢}) = P(X)—{g}and ¢ are trivial examples of
grills. Some useful grills are (i) G, the grill of all infinite subsets of X,(ii) Geo,the grill of all
uncountable subsets of X,(iii) Gp = {A =X : A € P(X); peA}, (iv) Go= {Ac X :int(cl(A))= ¢
}. Foragrill gon X and Ac X, we denote the grill {GN A : G ¢ G}by Ga.

A topological space (X, ) with a grill g on X will be denoted by (X, 7, G). Roy and
Mukherjee [6] defined a topology obtained as an associated structure on a topological space
(X, t) induced by a grill on X. According to them, for Ae P(X), ®¢4(A, t) or ©4(A) or simply
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®(A) is the set {xe X : AnUe ¢, for every open neighborhood U of x}. We can easily check
that (i) for the grill ¢, ®(A) is ¢ (i) for the grill g({¢}), ©(A) is cl(A),(iii) for the grill G,
®(A) is the set of all m-accumulation points of A (iv) for the grill Geo, ®(A) is the set of all
condensation points of A. Consider the operator ¥: P(X) — P(X), where W(A) = Au ®(A), then
Y is a Kuratowski closure operator and hence induces a topology on X, strictly finer than , in
general. Also t¢= {U < X : (X —-U) = X —U}. We can easily check, t4(¢) = the discrete
topology and t(G({ ¢ })) = t. For a grill space (X, 1, G), the B={U — A:U et and Ag G} is the
base for the topology t¢ on X, finer than t. Gupta and Noiri [3] defined C-compactness in an

ideal topological space. Here we will define and explore C-compactness in a topological space
by using the notion of grills. Some interesting illustrations of T are as follows:

(1) If tis the topology generated by the partition {{2n-1,2n} : ne N } on the set N of natural
numbers, then t4 for G is the discrete topology.

(2) If Tis the indiscrete topology on a set X, then t¢ for G is the cofinite topology on X.

(3) For any topological space (X, 1), 14 for Gs is the 1 topology of Njastad [5].

We recall that a subset A of a grill space (X, 1, G) is said to be G -compact [7] if for every
cover U of A by elements of 1, there exists a finite subfamily {U1,U2,Us,...,Un} such that

A-UL U, ¢ G. The grill space (X, 1, ) is said to be g-compact if X is g-compact.
Itis clear that (X, ) is compact if and only if (X, 1, G ({#})) is G({¢#})-compact. If (X, 1)
Is compact then (X, T, G) is g-compact for any grill G.

2. QUASI-H-CLOSED WITH RESPECT TO A GRILL SPACE

A topological space (X, t) is said to be Quasi-H-closed or simply QHC, if for every open
cover U of X, there exists a finite subfamily {U1,Uz,Us, ..., Un} suchthat X = UL, clU,).
In this section, we define quasi-H-closedness via grills and study some of its properties.

Definition 2.1. Let (X, t) be a topological space and g be a grill on X. X is quasi-H-closed with
respect to G or just (G)QHC if for every open cover U of X, there exists a finite subfamily

{U1,Uz,Us,...,Un} of U such that X -U7, cl(U;) ¢ G. Such a subfamily is said to be proximate
subcover modulo G or just (G)proximate subcover.

Definition 2.2. A grill g of subsets of a topological space (X, t) is said to be co non-dense if
the complement of each of its members is non-dense.

Theorem 2.3. For a space (X, 1), the following are equivalent:

(@) (X, 7) is quasi-H-closed.
(b) (X, 7)is (¢) QHC.
(© (X, 1) is (g») QHC.
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d) (X,1)is (Gs) QHC.
(e) (X, 1) is (G) QHC for every co non-dense grill G.

Proof: It is easy to check from the above discussion.

A family # of subsets of X is said to have the finite — intersection property with respect
to a grill ¢ on X or just (G)FIP if the intersection of finite subfamily of #is a member of ¢.
Recall that a subset in a space is called regular open if it is the interior of its own closure. The
complement of a regular open set is called regular closed.

Theorem 2.4. For a space (X, t) and a grill g on X, the following are equivalent:

(@) (X, 1) is (G) QHC;

(b) For each family F of closed sets having empty intersection , there is a finite subfamily
{F1,F2,Fs,...,Fn} such that ﬂ?:l il"lt(Fi) G,

(c) For each family Fof closed sets such that {int(F) : Fe 7} has (G)FIP, one has n {F:
Fef}=¢;

(d) Every regular open cover has a (G) proximate cover;

(e) For each family # of non empty regular closed sets having empty intersection, there is
a finite subfamily {F1, F2, Fs,..., Fn} such that (", int(F) G

(f) For each collection # of non empty regular closed sets such that {int(F): Fe #} has
(G)FIP,onehas n{F:F e F} # ¢ ;

(g) For each open filter base Bon G, N {cl(B) : Be B} ¢;

(h) Every open ultra filter on g converges.

3. C-COMPACTNESS WITH RESPECT TO A GRILL

In this section, we generalize the concept of C-compactness of Viglino [9] and
compactness via grills of Roy and Mukherjee [7].

Herrington and Long [4] characterized C-compact spaces. A space (X, 1) is said to be C-
compact if for each closed set A and each t-open covering U of A, there exists a finite subfamily

{U1,Uz,Us,...,Un} suchthat Ac U clU,).

Definition 3.1. Let (X, t) be a topological space and ¢ be a grill on X. (X, t) is said to be C-
compact with respect to grill or just C(g )-compact if for every t-open covering U of A, there
exists a finite subfamily {U1,Uz,Us, ..., U} such that A—U clU,) ¢ G.

Every C-compact space (X, t) is C(G )-compact for any grill g on X. It is clear from the
following example that the converse of it is not true.

Example 3.2. Consider Example 3. of [8]. Let g be a grill of all supersets of X—A. Then (X, t,
G) is C(g)-compact, but X is not C-compact.
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Theorem 3.3. For a space (X, 1), the following are equivalent:

(@) (X, 1) is C-compact.
(b) (X, 1) is C(¢d)-compact.
(€) (X, 1) is C(Gw)-compact.

Theorem 3.4. If a space is g-compact then it is C(g )-compact.

Proof: Let X be a g-compact space, A a closed subset of X and {V,_},., an open cover of A.

aelA

Then (X—A)UU%A (V,) is an open cover of X. Since X is g-compact, therefore there exists
finite A, < Asuch that X —{X-A)ulJ  (V,)}egG. This implies A-J (V,)eG.
Since V, c cl(V,), therefore A—U%A clvV,) ¢ g, implying that X is C(g )-compact.

In view of following example it is clear that the converse of this theorem, in general, is
not true.

Example 3.5. Consider Example 3.3 of [3]. By Theorem 3.3, X is C(Gx)-compact, but not
(Gw)-compact.

Theorem 3.6. Let (X, t) be a space and ¢ be a grill on X. Then the following are equivalent:

(@) (X, 1) is C(g )-compact ;

(b) For each closed subset A of X and each family  of closed subsets of X such that
N{FNA:Fe#} = ¢, there is a finite subfamily {Fi,F,Fs, ..., Fn} such that

L (int(F)) N Ag G;

(c) For each closed set A and each family # of closed subsets of X such that {int(F)
NA:Fe F}has (G)FIP,onehas n{F " A:Fe F}= ¢;

(d) For each closed set A and each regular open cover U of A, there exists a finite
subcollection {U1,Uz,Us, ..., Un} such that A—U7,clU,) ¢ G.

(e) For each closed set A and each family & of regular closed sets such that "{F " A:F €
F}= ¢, there is a finite subfamily {F1,F2,Fs,...,Fn} such that N7, (int(F))NAg G;

(f) For each closed set A and each family & of regular closed sets such that {int(F)
NA:Fe £} has (G)FIP,onehas n{F "A:Fe F}# ¢;

(g) For each closed set A, each open cover U of X—A and each open neighborhood V of A,
there exists a finite subfamily {U1,U2,Us, ..., Un} of U such that X —(V U (U}, clU.))) ¢

(h) gor each closed set A and each open filter base @ on X such that {BNA:Be®}c G,
one has N{cl(B): B e B}n A= ¢.

Proof: (a)=(b) Let (X, 1) be C(g )-compact, A a closed subset, and # a family of closed
subsets with N{F " A:Fe ¥} = ¢. Then {X —F:F e ¥} is an open cover of A and hence
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admits a finite subfamily {X —F, :i =1,2,..n}such that A—U cl(X —F) ¢ G. This set not in
G is easily seen to be {7, (int(F,)) n A}.

(b)=(c) Easy.

(c)=(a) Let A be a closed subset. Let U be an open cover of A with the property that for no
finite subfamily {U1,Uz,Us, ..., Un} of U, one has A—U clU;) ¢ G. Then{X -U:U e U}is
a family of closed sets .Since (], {(X —clU,)}nA=N_{A-clU,)}=A-U.,clU,) , the
family {int(X -U)"A:U € U } has (g )FIP. By the hypothesisn{(X —U)~A:U eU}# ¢
=>nN{A-U:UeU}= ¢ => A-YU:Ue U} ¢= U isnotacoverof A, acontradiction.
(d)=(a) Let A be a closed subset of X and U be an open cover of A. Then {int(cl(U)):U e U
} is a regular open cover of A. Let {int(cl(U,)):i=12,..., n}be a finite subfamily such that
A-UL cl(int(cl(U,))) ¢ G. Since U, is open, and for each open set U we have cl(int(cl(U))) =
cl(U). We have A—U cl(U;) ¢ G. Hence X is C(g)-compact.

(a) = (d) This is obvious.

(d)=(e) =(f) =(d) are parallel to (a) =(b) =(c) = (a) respectively.

(a)=(g) Let A be a closed set, V an open neighborhood of A, and U an open cover of X-A.
Since X —V < X — A, U is an open cover of X-V. Let {U1,U2,Us, ..., Un} be a finite collection
of U, such that (X —V)-U7,cl(U,) ¢ 6. Since (X -V) - J clU;) = X (v u((J_clU )))
This shows (X —(V u(J,clU))) ¢ G.

(g)=(a) Let A be a closed subset of X and U an open covering of A. If H denotes the union of

members of U , then F = X — H is a closed set and X—A is an open neighborhood of F. Also U
is an open cover of X—F. By hypothesis, there is a finite sub-collection {U1,U2,Us,...,Un} of U,

such that X —((X - Ay v (Uinzlcl(ui))) ¢ G. However, this set not in ¢ is nothing but
A_U?=1CI(Ui)-
(@)= (h) Suppose A is a closed set and 3 is an open filter base on X with {BNA:B e B8} G.

Suppose, if possible, N{cl(B):Be B} A=¢. Then {X —cl(B) : B €3} is an open cover of
A. By the hypothesis, there exists a finite subfamily {X —cl(B;):i=123,..., n} such that

A-J cl(X —ck(B,)) ¢ G. However, this set is An ([ int(ck(B,)))and An () B)is a
subset of it. Therefore, Am(ﬂin:1 B;) ¢ G. Since @ is a filter base, we have a B € 3 such that

Bc ﬂinzl B; . But then AnB ¢ ¢ which contradicts the fact that {B~A:B e 38}c G.

(h)=(a) Suppose that (X, t) is not C(G)-compact. Then there exist a closed subset A of X and
an open cover U of A such that for any finite subfamily {U1,U2,Us,...,Un} of U, we have

A-U>, clU.) e g. We may assume that U is closed under finite unions. Then the family @ ={X
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—cl(U) : Ue U} is an open filter base on X such that {B n A: B € B} < G. So, by the hypothesis,
N{cl(X —clU)):U eU}n A= ¢. Let x be a point in the intersection. Then xe A and
xecl(X —cliU))= X —int(clU)) = X —U for each U U. But this contradicts the fact that U
is a cover of A. Hence, (X, ) is C(g)-compact.

Definition 3.7. A filter base @ is said to be (g ) adherent convergent if for every neighborhood
N of the adherent set of 3, there exists an element B e @ such that (X—-N) N B ¢ G.

Theorem 3.8. A space (X, 1) is C(g)-compact if and only if every open filter base on G is (G)
adherent convergent.

Proof: Let (X, t) be C(g)-compact and let @ be an open filter base on G with A as its adherent
set. Let G be an open neighborhood of A. Then A= n {cl(B) : Be 8}, Ac G, and X- G is closed.
Now {X- cl(B) : Be 3 } is an open cover of X—G and so by the hypothesis, it admits a finite

subfamily {X-cl(Bi) : i1=1, 2, 3,..., n} such that (X-G) _Uin=1C|(X —cl(B,)) ¢ . But this implies
(X-G) n ([),int(cl(B,))) & ¢G. However Bic int(cl(B:)) implies (X- G) ~ ([, (B))#

G.Since B s a filter base and Bie 3, there is a Be 8 such thatB — ﬂ?zl B, . But then (X-G)n B
¢ G is required.

Conversely, let (X, t) be not C(G)-compact, and A be a closed set, and U be an open cover
of A such that for no finite subfamily {U1, U2, Us,..., Un} of U, one has A-U,cl(U,) ¢ G.
Without loss of generality, we may assume that U is closed for finite unions. Therefore, @ =
{X-cl(U) : Ue U } becomes an open filter base on ¢. If x is an adherent point of @, that is, if
xe{cl(X —clU)):U eU}=X —HAint(cllU)):U €U}, then x¢ A, because U is an open
cover of A and for U €U, U cint(cl(U)). Therefore, the adherent set of 3 is contained in X—
A, which is an open set. By the hypothesis, there exists an element Be ® such that
(X=(X-A)NnBgg, that is, AnBegg, that is An(X —clU))&¢g some U eU. This
however contradicts our assumption. This completes the proof.

4. C(G)-COMPACT SPACES AND FUNCTIONS

Definition 4.1. A function f: (X, ©) — (Y, ¢) is said to be &-continuous [2] at a point x € X if
for every open set V of Y containing f(x), there exists an open set U of X containing x such that
f(cl(V)) ccl(V).

Theorem 4.2. Letf: (X, 1, §) = (Y, ¢, #) be a continuous surjection, (X, t, G) C(g)-
compact, and f(G) < . Then (Y, ¢, #H) is C(#H)-compact.

Proof: Let A be a closed subset of (Y, ¢) and 77any open cover of A in Y. By continuity of f,
f 1(A) is an closed subset of X and is such that {f (V) :V €4} is a cover of f *(A) by open
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sets in X. Hence, by the C(g)-compactness of X, there exists a finite subcollection { f *(V,) : i
=1, 2, 3,..,, n}such that f *(A) —Uinzlcl(f‘l(\/i))ezg. Since f is continuous, cl( f *(B))c
f*(cl(B)) for every subset B of Y. Hence we have f *(A) —Uinzl(f “el(v,))=

f*(A-Jclv))) e G. Since f is surjective, A—(J" cl(V;) e f (G)c7£ Hence, Y is C(%)-
compact.

Theorem 4.3. Letf: (X, 1, G) = (Y, g, H) be a #-continuous function, (X, t, G) C(G)-compact,
(Y, ¢) Hausdorff , and f(g) < #. Then f(A) is ¢s~closed.

Proof: Let A be any closed set in X and a ¢ f (A). Foreach x € A, there exists a c-open set Vy
containing y = f(x) such that a ¢ cl(V,). Now because f is ¢ -continuous, there exists an open

set Ux containing x such that f(cl(Ux)) <cl(Vy). Now, the family {U, : x € A} is an open cover

of A. Therefore, there exists a finite subfamily{UXi :1=123,...,n}suchthat A—Uinzch(U Xi) ¢
G. But then f(A-J  clU,))ef(g)cu; thatis, f(A)-f(J clU,))ef(g) < because
f(g) is also a grill. Hence, f(A)- Uinzlcl(\/yi )) £f(g) = . Now a ¢ cl(V, ) for any i implies that
aeY-|J' clv,) which is open in (Y, ¢). Thatis Y —{ J' cl(v,) is a neighborhood of a in

(Y, ¢). However, (Y —Uinzlcl(\/yi))m f(A)= f(A)—ULlC'(Vyi) ¢f(g) < Hence, ag
D4(f(A), ¢). Thus @s(f(A),c) = f(A). This implies f(A) is cs~closed.
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