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ABSTRACT 

The purpose of this study was to analyze the spread of tuberculosis in Kudus Regency. One of the 

analyzes that can be done is making a mathematical model of SIR. The SIR mathematical model 

describes uninfected and susceptible individuals who are infected and can transmit the disease to a 

number of other individuals (infectious) and individuals who have recovered or are free from disease 

(Recovered). From 2018 to 2019 according to the Health Profile of Kudus Regency, the spread of 

tuberculosis that occurred has increased in all cases, namely the number of tuberculosis sufferers in 

Kudus Regency reached 3,133 patients, and the number of individuals who recovered reached 589 

people. Based on the analysis of the SIR model, it is found that the equilibrium point (S, I) = (52632, 

8614230) will be stable when R0 > 1, with the final conclusion, the basic reproduction rate is obtained, 

namely 𝑅0  =  1,6367 which indicates that one infected individual can infect 2 people on average or 

individuals susceptible to tuberculosis. 
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1.  INTRODUCTION 

 

Tuberculosis (TB) which is also known by the abbreviation TB is an infectious disease 

that causes the second largest health problem in the world after HIV. This disease is caused by 

the bacillus of the bacterium Mycobacterium tuberculosis. Tuberculosis itself can attack any 
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part of the body, but the most common and most common is tuberculosis infection of the lungs. 

The spread of this disease can occur through people who already have TB. Then, coughing or 

sneezing spit out saliva that has been contaminated and inhaled by healthy people whose 

immune systems are weak against tuberculosis. Although it usually attacks the lungs, this 

disease can also affect other parts of the body, such as the central nervous system, heart, lymph 

nodes, and others. Indonesia is a tropical country, where the tropics are more susceptible to 

contracting infectious diseases than temperate climates.  

The main cause is environmental factors. This, can lead to less than optimal public 

awareness and control of infectious diseases. One of the infectious diseases that occur in 

Indonesia is tuberculosis or Mycobacterium tuberculosis which is transmitted through sputum. 

Kudus Regency is one of the cities located in Indonesia, so Kudus is also included in several 

cities whose residents to this day are affected by the spread of tuberculosis. 

Tuberculosis has even caused more deaths than any other infectious disease, including 

HIV [5]. This has become very scary, especially in tropical countries including Indonesia. If 

you look at regional internal factors, the lack of houses with good ventilation, poverty and lack 

of education about this disease are the main factors. In addition, there are other factors such as 

the number of immigrants who come. In fact, about 95% of the 98% of deaths caused by 

tuberculosis occur in immigrants. [24] 

Several studies were conducted to find out how this virus developed [3], [4]. There are 

several studies on the prevention and treatment of patients suffering from tuberculosis [7], [13], 

[22]. Several mathematicians conducted research on the spread of infectious diseases such as 

Malaria, HIV, and dengue fever, such as those conducted by many scientist [2], [8], [11], [14], 

[16], [18]. 

While research with the SIR model for the spread of tuberculosis has been carried out by 

many scientists [1], [6], [9], [10], [12], [15], [17], [19], [20], [21], [23]. In this study, we are 

interested in studying the model of the spread of tuberculosis in Kudus Regency using the SIR 

model and making predictions about its distribution in the next few years. 

 

 

2.  MATERIAL AND METHODS 

2. 1. Model Formulation 

In this study we used the SIR model of the spread of epidemic diseases. This results in 

the modeling the total population will be divided into three different groups. The first group is 

those who have not been infected by the tuberculosis virus, hereinafter referred to as the suspect 

group. The second group is those who are being infected by the tuberculosis virus. The last 

group is those who recovered or died after being infected by the tuberculosis virus. 

We assume that there is neither immigration nor pure births and deaths, so the number of 

people who have not been infected will not increase. The number in the second group or the 

infected group will be influenced by the number of contacts between the first group (people 

who have not been infected) and the second group (people who are currently infected) and the 

number of people who recover or die after being infected. The last group will only be affected 

by the number of people who recover or die after being infected by the tuberculosis virus. 

Based on the explanation above, we present the above formulation into a diagram as 

follows. 
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Figure 1. Illustration of SIR Model 

 

 

From the illustration above, the following SIR model is obtained: 

 
𝑑𝑆

𝑑𝑡
= 𝐴 − 𝛽𝑆𝐼 − 𝜇𝑆 

 
𝑑𝐼

𝑑𝑡
= 𝛽𝑆𝐼 − 𝛼𝐼 − 𝜇𝐼 

 
𝑑𝑅

𝑑𝑡
= 𝛼𝐼 − 𝜇𝑅 

 

2. 2. Notations 

S  : individuals who are susceptible to tuberculosis. 

I  : the number of people infected with Tuberculosis. 

R  : the number of individual who recovered from Tuberculosis. 

A  : birth or migration rate 

𝛽  : transmission rate of tuberculosis 

𝛼  : cure rate for tuberculosis 

𝛿  : tuberculosis death rate 

λ  : eigenvalues. 

𝑅0     : basic reproduction number. 

 

2. 3. Algorithm 

i. Linear differential equations. 

The general form of nonlinear differential equations can be systematically 

written 

�̇� = 𝑓(𝑥) (1) 

 

ii. The stability of the equilibrium point. 

The equilibrium point �̅� is said: 
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a. Stable if for every 휀 >  0 there is 𝛿 >  0 such that || 𝑥0 − �̅� ||  < 𝛿 then  

 || 𝑥 (𝑡, 𝑥0) − �̅� ||  < 휀  
 

b. Asymptotically stable if the equilibrium point is stable and there is 𝛿1 > 0 such that 

if || 𝑥0 − �̅� ||  <  𝛿1 then lim
t → ∞

|| x0 − �̅� ||=0  

 

c. It is unstable if the equilibrium point does not meet (a). 

 

iii. Linearization. 

Differential equation  

 

�̇� = 𝑨𝒙 
 

and the jacobian matrix, 

 

J = 

[
 
 
 
𝜕𝑓1

𝜕𝑥1
⋯

𝜕𝑓1

𝜕𝑥𝑛

⋮ ⋱ ⋮
𝜕𝑓𝑚

𝜕𝑥1
…

𝜕𝑓𝑚

𝜕𝑥𝑚]
 
 
 
 (2) 

 

iv. Eigenvalues 

The eigenvalues of matrix A are the characteristic roots of the polynomial  

𝑑𝑒𝑡(𝐴 −  𝜆𝐼)  =  0 or written in the form 

 

𝛼𝑛𝜆𝑛 + 𝛼(𝑛−1)𝜆
𝑛−1 + ⋯+ 𝛼1𝜆 + 𝛼0 = 0 

 

Eigenvalues different from the characteristic equation are 𝜆1, … , 𝜆𝑗;  𝑗 ≤ 𝑛. The 

equilibrium point �̅� is said: 

a. Stable, if 𝜆𝑖 < 0 and there is 𝜆𝑘  =  0 with 𝑖 =  1, … , 𝑗 and 𝑘 ≤ 𝑗. 
 

b. Asymptotically stable, if 𝜆𝑖  < 0, ∀𝑖 =  1, … , 𝑗. 
 

c. Unstable, if, if ∃𝜆𝑖 >  0, ∀𝑖 =  1, … , 𝑗 
 

 

3.  RESULT AND DISCUSSION 

3. 1. Descriptive Data Analysis of Tuberculosis Epidemic Model 

Tuberculosis data used are data on the population of Kudus Regency, data on the number 

of Tuberculosis sufferers and data on the number of patients who recovered from Tuberculosis 

that occurred in Kudus Regency in 2018 and 2019 as an initial analysis to determine the 

parameters of the Tuberculosis epidemic model. Below is given the data on the population of 

Kudus Regency. 
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Table 1. Total population of Kudus Regency in 2018 and 2019 

 

Year 

Number of inhabitants 

(people) Total 

Male Female 

2018 423985 437445 861430 

2019 428815 442496 871311 

 

 

Table 1 above shows the total population of Kudus Regency in 2018 as many as 861430 

people, written N = 861430 with the assumption that the initial population susceptible to 

tuberculosis is 861430, written 𝑆(0)  =  𝑆(2018)  =  861430. Then the total population in 

2018 was 861340 people with the assumption that the population after 1 year who was 

susceptible to tuberculosis was 871311, written 𝑆(2019)  =  871311. 
Data on the number of Tuberculosis patients in Kudus Regency. 

 

Table 2. Number of Tuberculosis sufferers in Kudus Regency in 2018 and 2019 

 

Year 

Number of Infected 

(Soul) Total 

Male Female 

2018 1612 1318 2930 

2019 1629 1504 3133 

 

 

Table 2. above shows the total population of Kudus Regency infected with tuberculosis 

in 2018 as many as 2930 people, written I(t) = 2930 with the assumption that the number of 

patients infected with Tuberculosis is 2930, written I(0) = I(2018) = 2930 . Then the number 

infected with Tuberculosis in 2019 was 3133 people, it can be written I(2019) = 2930. 

Furthermore, the data on the number of patients recovered from Tuberculosis in Kudus 

Regency. 

 

Table 3. Number of Tuberculosis patients recovered from Kudus Regency in 2018 and 2019 

 

Year 
Total healed (Soul) 

Total 
Male Female 

2018 240 294 534 

2019 292 297 589 
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Table 3, above shows the total population of Kudus Regency who recovered from 

tuberculosis in 2018 as many as 534 people, written R = 534 with the assumption that the 

number of patients recovered from Tuberculosis is 534, written R(0) = R (2018) = 534. While 

589 people recovered from Tuberculosis in 2019, it can be written R (2019) = 589. 

 

3. 2. Tuberculosis Epidemic Model Assumptions and Parameters 

Based on data from the Central Java health office in 2018 and 2019, it can be assumed 

that the SIR epidemic model is as follows: 

1. In the population there is a birth rate in an initial population of Kudus Regency. 

2. An increase in the number of infected individuals and individuals susceptible to 

contracting tuberculosis. 

3. The increase in the rate of individuals recovering from tuberculosis. 

4. Individuals who recover cannot be susceptible to contracting Tuberculosis again. 

Furthermore, the assumptions above are formed by the SIR epidemic model against 

tuberculosis, namely: 

 

{

𝑑𝑆

𝑑𝑡
= 𝐴 − 𝛼𝑆𝐼

𝑑𝐼

𝑑𝑡
= 𝛼𝑆𝐼 − (𝛽 + 𝛿)𝐼

  

 

With a description of individuals who are susceptible to Tuberculosis (S) and individuals 

infected with Tuberculosis (I), birth rate or migration (A). While the parameters are for 

Tuberculosis transmission rate (𝛼), cure rate (𝛽), and death rate due to tuberculosis (𝛿).  

Data on the initial population of Kudus Regency who are susceptible to tuberculosis S(0) 

= S(2018) = 861430 and S(2019) = 871311 then the number of residents who recovered from 

tuberculosis R(2019) = 589, so that it can be substituted into the number of individuals who are 

prone to tuberculosis (S), 

 

𝑆(𝑡)  =  𝑆(0)𝑒
(

𝛼

𝛽+𝛿
)𝑅(𝑡)

 (3) 

 

with 𝑆(𝑡), namely the number of susceptible individuals, 𝑆(0) the initial number of population 

and 𝑅(𝑡) individuals who recovered, obtained 

 
𝛼

𝛽+𝛿
 = 19 × 10-6 

 

with the transmission rate β = 1,9 × 10-6, assuming the recovery rate in 10 years is α = δ = 
1

10
, 

then α = 10-1 = 0,1. As a result, an epidemic model of SIR infected with tuberculosis was 

obtained, 

 

{

𝑑𝑆

𝑑𝑡
= 861430 − 1,9 × 10−6𝑆(𝑡)𝐼(𝑡)

𝑑𝐼

𝑑𝑡
= 1,9 × 10−6𝑆(𝑡)𝐼(𝑡) − 0,1𝐼(𝑡)
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3. 3. The Equilibrium Point of the Tuberculosis Epidemic Model 

From the SIR epidemic model system, the equilibrium point value can be determined. If 

S(t) and I(t) respectively state the number of individuals in each subpopulation at time t, then 

from the above system it is obtained: 

 
𝑑𝑆

𝑑𝑡
= 0 𝑎𝑛𝑑 

𝑑𝐼

𝑑𝑡
= 0  

 

So that, 

 

{

𝑑𝑆

𝑑𝑡
= 861430 − 1,9 × 10−6𝑆𝐼 = 0

𝑑𝐼

𝑑𝑡
= 1,9 × 10−6𝑆𝐼 − 0,1𝐼 = 0

 

 

and if I ≠ 0, with equation 2, then 1,9 ×  10−6𝑆 − 0,1 = 0 is obtained S = 52632. Then 

substituted for equation 1 then 861430 − 1,9 × 10−6 𝑆(𝑡)𝐼(𝑡)  =  0 obtained 𝐼 =  8614230, 

so the equilibrium point value (𝑆, 𝐼)  =  (52632, 8614230). 

 

3. 4. Analysis of the Stability of the Tuberculosis Epidemic Model Equilibrium Point 

It is known that the equilibrium point of the epidemic model on the spread of tuberculosis 

is (𝑆, 𝐼)  =  (52632, 8614230). Then determine the stability analysis of theequilibrium point 

with the example 

 
𝑑𝑆

𝑑𝑡
= 𝑓1 (𝑆, 𝐼)  and   

𝑑𝐼

𝑑𝑡
= 𝑓2 (𝑆, 𝐼) 

 

So that,  

 

{
𝑓1 (𝑆, 𝐼) = 861430 − 1,9 × 10−6𝑆𝐼 = 0

𝑓2 (𝑆, 𝐼) = 1,9 × 10−5𝑆𝐼 − 0,1𝐼 = 0
 

 

Obtained linearization of the equation using the jacobian matrix form 

 

J𝑓 (S,I) = [

𝑑𝑓1(S,I)

𝑑𝑆

𝑑𝑓1(S,I)

𝑑𝐼
𝑑𝑓2(S,I)

𝑑𝑆

𝑑𝑓2(S,I)

𝑑𝐼

] = [
−1,9 × 10−6𝐼 −1,9 × 10−6𝑆

1,9 × 10−6𝐼 1,9 × 10−6𝑆 − 0,1
] 

 

Then we get the equilibrium point of the jacobian matrix with (𝑆, 𝐼)  =
 (52632, 8614230), i.e. 

 

𝑗𝑓(2632,8612922) = [
−16,367 −0,1
16,367 0

] 

 

based on the jacobian matrix, the characteristic equation is obtained: 
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λ2 + 16,367 λ + 16,367  = 0 

 

So that the eigenvalue is obtained, namely 𝜆1 = −15.29 and 𝜆2 = −1.06994 with 𝜆1 <
 0 and 𝜆2 < 0 then we get the equilibrium point (𝑆, 𝐼)  =  (52632, 8614230) is stable. This 

shows that for the number of individuals who are susceptible and the number of individuals 

who are infected is very small, the increasing population of tuberculosis remains. 

 

3. 5. Basic Reproduction Numbers 

The equilibrium point system of equations i.e. (𝑆, 𝐼)  =  (
𝛽+𝛿

𝛼
,

𝐴

𝛽+𝛿
), From the 

equilibrium point equation, βA is obtained where the basic reproduction number is influenced 

by the birth rate and the transmission rate of tuberculosis. 

 

R0 = 𝛼𝐴 = (1.9 × 10-6)861430 = 1.6367 

 

Obtained an average of 2 individuals who were infected and infecting those susceptible 

to tuberculosis. 

 

3. 6. Numerical Solution 

Based on the SIR model used in the previous section, we performed a simulation to 

predict the rate of spread of the infectious disease tuberculosis over the next 15 years as shown 

in Figure 2. 

 

 
 

Figure 2. The spread of the tuberculosis virus in Kudus Regency in the next 25 years using 

the SIR model 

 

 

Based on figure 2, we can see that after 25 years it can be seen that the infected population 

will increase even more than the susceptible population, so the disease will become endemic. 
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Next we do the same to get an estimate of the spread of tuberculosis for the next 50 years, 

as can be seen in Figure 3. 

 

 
 

Figure 3. The spread of the tuberculosis virus in Kudus Regency in the next 50 years  

using the SIR model 

 

 

Based on Figure 3, we can see that the number of people who are susceptible to 

tuberculosis will become smaller and closer to zero. Another interesting thing is the decrease 

in the number of people infected and the increasing number of people who have recovered. This 

shows that there is still hope to make tuberculosis no longer an endemic disease and even 

disappear in Kudus Regency. 

 

 

4.  CONCLUSIONS 

 

1. Based on descriptive data analysis of the population of Kudus Regency and the number 

of individuals infected with Tuberculosis in 2018 and 2019, it is found that the 

assumptions in this study are, 

a. In the population there is a birth rate in an initial population of Kudus Regency. 

b. An increase in the number of infected individuals and individuals susceptible to 

contracting tuberculosis. 

c. The increase in the rate of individuals recovering from tuberculosis. 

d. Individuals who recover cannot be susceptible to contracting Tuberculosis again. 

 

2. Based on this research, the basic reproduction number is obtained 𝑅0  = 1.6367, which 

indicates that one infected individual can infect 28 people on average. 
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