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Abstract
The estimated characteristics of water seepage in a the vadose zone have been determined using
analytical formulae based on the Carman-Kozeny capillary beam model. Only two standard
soil parameters are needed to achieve this objective: hydraulic conductivity and porosity.
The characteristics obtained find their application in a simplified description of infiltration
known as the piston model.
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Streszczenie
Przybliżone charakterystyki filtracji wody w strefie aeracji wyznaczone zostały ze wzorów analitycznych bazujących na modelu wiązki kapilarnej Carmana-Kozeny’ego. Wymagane są do
tego celu jedynie dwa standardowe parametry gruntu – wodoprzepuszczalność i porowatość.
Uzyskane charakterystyki mają zastosowanie w uproszczonym opisie infiltracji znanym jako
model tłokowy
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1. Introduction
Models of groundwater circulation incorporate parameters that are already recognised
as standard in hydrogeology and have established procedures for their determination. Such
parameters include the coefficients of hydraulic conductivity, porosity and specific yield as
well as the geometrical parameters of the water-bearing horizon – the thickness, the ordinates
of the floor and top and groundwater table. Models simulating flows in the subsurface stratum,
and seepage through the vadose zone in particular, require that a series of additional values
be defined which are not determined using the standard procedures. Their determination is
associated with numerous problems, although a high degree of precision is not required.
However, distinct and significant correlations between non-standard and standard parameters
may be identified. The values obtained based on these correlations are sufficient for practical
purposes in numerous instances.
2. The non-standard parameters
In the classical models of seepage in the vadose zone using the Richards equation,
a series of complex functional relations have to be determined, such as soil moisture-retention
and conductivity characteristics or the specific capacity. The characteristics derived from
them are used in Buckingham’s moisture diffusion model. The determination of the indicated
interrelations is expensive and time consuming, even if the commonly occurring hysteresis
is ignored – this results in the limited use of these models.
Due to the negligible water conductivity of soil, as compared to the saturated zone,
vertical movements prevail in the vadose zone, usually in the form of the infiltration
process. The application of the simplified piston model is an effective solution in these
circumstances [8]. The model is based on the Green-Ampt model [4] in the case of saturated
infiltration, on the Bouwer concept [1] in the case of unsaturated infiltration , and on the Morel-Seytoux concept [9] in the case of moisture redistribution. The model gives approximate
results, but this feature is insignificant due to the considerable spatial diversification of soil
types – it uses characteristics that incorporate only a few parameters, and are simplified to
the maximum extent. The soil moisture retention curve may be described using the CoreyBrooks equation [2, 3], the conductivity curve may be described using the Irmay-Averianov
equation [5], and the specific capacity and the hysteresis are replaced with the water balance.
Only a few constant parameters of these characteristics need to be determined – the exponent
of the effective conductivity curve mk and its residual moisture qk, the exponent of the
moisture-retention curve mq, and the height of capillary rise hk. These values are determined
in this study using an analytical approach based on the Carman-Kozeny capillary beam
model [7, 6].
2.1. The Carman-Kozeny capillary beam model
The Carman-Kozeny capillary beam model (and equation) [7] is used to determine
the hydraulic conductivity coefficient ko:
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hydraulic conductivity coefficient [cm s–1],
density of water (1.0 g cm–3),
standard gravity (981 cm s–2),
porosity coefficient [–],
water dynamic viscosity coefficient
(for 10ºC h = 1.3·10–3 Pa·s = 1.3·10–2 g·cm–1·s–1),
– active area of grains[cm–1],
– effective grain size [cm].
2.2. Capillary rise height hk

The height of capillary rise can also be computed from the Carman-Kozeny model [11]:
hk =

σs
,
nρg
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where:
hk – capillary rise height (capillary uplift) [cm],
s – plane stress (for 10ºC s = 74.2 10–3 N·m–1 = 74.2 g·s–2).
The existing active area may be determined using the Carman-Kozeny equation:
s=

ρgn3
,
5ηko

(3)

and this enables one the calculation of the capillary height, using only the hydraulic
conductivity and porosity determined as standard parameters:
hk = σ
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2.3. Power exponent mk
Widely used the Irmay-Averianov equation – simple and relatively precise at the same
time, i.e.:
 θ − θk 
k = ko 

 n − θk 

mk

(5)

where:
q – moisture content,
qk – residual moisture content,
contains two additional parameters that need to be determined. It may be assumed that the
residual moisture content, inhibiting water flow at very low saturation values, corresponds to

64
the pellicular moisture content qb. At small values of this moisture, water is so strongly bound
with the soil skeleton that its movement practically does not occur. As regards the exponent,
Mualem [10] has demonstrated that it is a function of the energy needed to dry the cavities:
mk = 1.5 ⋅10−4 ps + 3.0,

(6)

where:
ps – pressure needed to dry cavities [Pa]:
ps = γ

∫

n

θa

hs d θ @ 1.5γhk (n − θa ),

(7)

g – water specific weight [N m–3],
qa – minimal adhesive moisture [N m–3].
And thus finally:
mk = 3 + 0.15 ⋅1.5hk (n − θa ) @ 3 + 0.225hk n

(8)

The results obtained using this equation are characterised by a relatively high consistency
with empirical results, in particular for fine-grained soils in which pellicular moisture plays
a significant role.
2.4. Power exponent mq
The moisture characteristic is not used in the piston model, but is indispensable
in determining the evapotranspiration value that plays an important role in an infiltration
model. The correlation between water pressure and moisture is necessary to define the
threshold moisture values causing a reduction in growth, and consequently, in transpiration
in plants. These moisture values are very low; therefore, we can use the simplest Corey-Brooks equation to describe this characteristic [2, 3]:
h 
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where:
qb – pellicular moisture [6]:
θb = 0.163n hk
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The mq parameter used in this equation is correlated with the mk parameter used in the
formula for the conductivity characteristic as follows [2]:
1 + mθ
mθ

(11)

2
.
mk − 2

(12)

mk = 2
thus:
mθ =
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3. Conclusions
The formulae described in this paper enable the researcher to easily determine soil
moisture-retention and conductivity characteristics using data on soil conductivity and
porosity only. The correlations obtained using this approach are undoubtedly approximate
but sufficient and suitable for numerous applications. Expensive and laborious laboratory
tests of the described characteristics apply only to specific soil samples and are not usually
representative enough for the larger area of the vadose zone.
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