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O NIEISTNIENIU PEWNYCH OSZACOWAN
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Z WAGA W KOLE JEDNOSTKOWYM

Abstract

In this note, we consider the analogues of the classical Fejer—Riesz inequality for some weighted
Hilbert spaces of analytic functions in the unit disc. We prove that for some class of such spaces,
the Fejer-Riesz inequality type results do not hold.
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W artykule rozwaza si¢ nierdbwnosci podobne do klasycznej nierownos$ci Fejera—Riesza w prze-
strzeniach Hilberta funkcji analitycznych z waga. Dowodzi sig, ze w pewnych klasach takich
przestrzeni nie zachodzi odpowiednik nieréwnosci Fejera—Riesza.
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1. Introduction

Let U be the unit disc in C. For functions in the space H*(U) the following well-known
Fejer-Riesz inequality holds (see e.g. [3], p. 46):

If f'e H*(U), and /" denotes the radial boundary values of fon dU, /™ being defined a.e. on
dU and L*-integrable with respect to the linear Lebesgue measure on dU, then

[ [reopas< [

It follows from this inequality that in particular for every fe H*(U) and every z € 90U,

7 (e"e)‘2 de. )

1
L [f (=) dt < +o0. )

(One should mention that the inequality (1) with 2 replaced by p also holds for all H7-spaces
with 1 < p <+eo).

The space H?*(U) can be viewed as one of some family of weighted Hilbert spaces
of analytic functions in the unit disc in C; this family can be described as follows:

Given s > —1, set

A (U) = { # holomorphic in U : Ll FE[ =]y dm(z) < +oo}, 3)

where m is planar Lebesgue measure in U. Such spaces, also called weighted Bergman
spaces, were considered by many authors; see e.g. [1, 2, 7, 8, 9].

If f is holomorphic in U, f(z) :Zoioanz", zeU, and s> -1, then one can prove

by integrating in polar coordinates that

- 2
fe A U) iff z& < 40, (4)
n=0

= (n+1)1+s

E.g. for s = 0 we obtain 4>°(U) = L*H(U), the so called Bergman space of all holomorphic
functions in U with

Ll F(@ dm(z) < +oo. (5)

The condition (4) for s =0 is

. 2
Zla”| < 400,
—n +1

For f(z)= ZZO:O a,z" holomorphic in U we have

o0 o0 1
[ 17@F a=lzy dmz =Y |a,f [ [ |y dmz) = 2m) [a,[ [ 2 a=r)
n=0 n=0
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Ifs<-1,wehave forn=0,1,2, ...
1

jtz"“(l—tz)sdt:—i-w.
0

Hence for s <—1 the integral condition (3) gives the space consisting only of the zero function.
But the series condition (4) yields non-zero Hilbert spaces of holomorphic functions in U.
Therefore we set for s <—1

I 2
A (U) = {f holomorphic in U : Zﬂ < +oo} (6)

s (n + 1)1+S
Such definition of the space A**(U) for s < —1 seems to be correct also by the fact that
for s = —1 we obtain from (4) or (6) the condition Zoi0|an|2 < +oo, which is the well-

-known condition for f to belong to the space H*(U); therefore the definition (6) gives
A*(U) = H*(U).

Having placed the space H*(U) as A>"'(U) in the above described family of spaces A>*(U),
s € R, we could ask whether the Fejer-Riesz inequality (1) valid for H*(U) = A>'(U) also has
analogues for the other spaces A*(U), s € R.

In [5] we have proved the result similar to (2) for the spaces A**(U) with s > 0:

Proposition 1. ([5], Theorem 1). Let s be a positive number. Suppose that f € A*>'(U).
Then for every z € OU.

J.()1|f(tz)|2 (1_t2 )Sdf < +00, (7)

As was already mentioned above, for s < —1 the spaces 4>*(U) are defined by the series
condition (6). Note that for s > —1 the condition (7) makes sense. Hence one can try to prove
for s with -2 < s < —1 the result similar to that in Proposition 1:

If s is a number with -2 <s <—1, and f'e A*(U),i.e.if f(z)= Zoio a,z" is holomorphic

in U, it satisfies also according to (6)

& _laf”
> <o, (3)

s (n +1)1+S

then for every z € U,

(1@ 4=y dr < on o

In [6] we have proved only a weakened version of the aforementioned result; it is described
in [6], conditions (10) and (11). For the convenience of the reader we recall it here.

Let f(z)= Zoio a,z" satisfy (8). Let {b,},_ be a new sequence which is obtained

from {an }Zi in such a way that we delete all numbers a with @ = 0 and then reorder

0
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o . . o0 .
the remaining numbers a, to obtain a new sequence {a; |, with |ag| > |af| > ...; we define

k
then b, =|a;|, k=0,1,... . We can then also prove that
00 bj
Y <
el CES VI
The additional condition which we assume is as follows:
o)
The sequence | —*=— ; is decreasing. (10)
(n+1)™ )
We have proved in [6]:
Proposition 2. ([6], Proposition 2). Suppose that —2 <s <—1. Let the function f, holomorphic
inU f(z)= Zoio a,z", satisfy (8) (i.e. f€ A*(U)). Suppose also that the condition (10)
holds. Then for every z € dU

(7@ a-ya <

As mentioned above, we are still not able to prove Proposition 2 without assuming (10),
although this conditions seems to be superfluous.
Consider now the spaces A>(U) with s < —2. As mentioned above, in this case 4>*(U)

is defined by the series condition (6). Moreover, if f e A4A>(U), f (z)zzmoa z
=

and the coefficients {a,}

.o Aare non-negative, then f(#) is bound away from zero say

for %< t <1, and so the integral condition (9) holds only for f equal zero. On the other

hand, if f(z)= = a4z in U, feA>U) with s >-2, and the coefficients a_are
n=0 Z n

non-negative, then as explained in [6], the expression

Ll| @) A=) dr

is estimated from below and from above by a constant time the sum of the double series

o0

Z (1+k+1)s+2

k,1=0

Hence we have assumed in [6] that for s < -2, the right analogue of the Fejer-Riesz type
results, described in Propositions 1 and 2, would be the following:

If £is holomorphic in U, f(z)= Zoioanz", and feA>(U), ie
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o laf
Z—<+oo, (11)

~ (n + 1)1+S

then one should have that

= 1
- 4w 12
sz_Olakllall(l+k+l)s+2 <+ (12)

As observed in [6], such a result is not true. Namely, we have proved the following:
Proposition 3. ([6], Proposition 4). Let s be a real number with s < =2. Then there exists

a holomorphic function f such that f(z)= ZOO_O a,z" with a_satisfying (11), but yielding

divergent series (12).
The example of such a function, which therefore does not satisfy the Fejer-Riesz type

result for s < -2, is the function f(z) = Zoozanz" with
=

1

4, =——— n=23,.... 13
(n+1)""*logn (3)

In the present note we show that the same function does not satisfy the Fejer-Riesz type
results mentioned above, in some sharper sense; we prove namely.

Proposition 4. Let s < -2 be given. Let the function f(z)= E oozanz" be defined by (13).
n=
Then

> af
D, Tl (14)

n=2

but for every 6 with g < g < > _1 the series
-2

o 1
_ 15
k;'ak”a"(ukﬂ)“” (15)

is divergent.

2

n . .. . 00 a
Ifs<-2, f(z2)= E :io a,z" isholomorphic in U, and the series E n—o%
- \n

. o] . .
but the series zsz()'ak”al' is divergent for some G = s, then the value

1
(A+k+1)°+

o= %—1 is the largest possible; we have the following result:
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Proposition 5. If's is a real number with s < -2, and fe A>(U), f(z)= Z(xio a,z", then for

every g > %_1 the series

< +o0. 16
,;)' la ’|(1+k+1)"+2 * (16)

Proof of Proposition 4. Fix s < —2. Note that we then have ¢ <5 _| < -2, therefore the
2

condition ¢ < g <5 _1 makes sense. With s as above let fbe defined by (13), i.e.
T 2

H@)= Z( +1)7Y/210gn ' (17)

1 1
\ (n+1)""*logn 1 ((’/n+1)_S/24/10gn

and this last sequence converges to 1; so the series in the right-hand side of (17) is convergent
for every z € U, and hence fis holomorphic in U.

The facts that for s < -2 and a, :; the series (14) converges, but

(n+1)""?logn
the series (15) with 6 = s is divergent were already proved in [6], Proposition 4. Therefore,

We have, forn > 2,

let S<G§%—1. Then ¢ =5 + € with some 0<8§—1—%. We have

- 1

(18)

k;' i 1+ k+1)<’+2 kz A+k+1° 2k +1)"" logk(I +1)™* logl

Consider the subseries of the series in the right-hand side of (18), consisting of terms for
which k=2, 3, ... is arbitrary and / =2. In this way we obtain the series

1
~ (k+3)""*2 (k+1)""? logk3™*"* log2

T2

We easily see that the terms in this last series are estimated from below by a constant
time of

o8] o0
(19)
;kﬁ‘+8+2k s/2 logk ;ks‘/2+8+2 lng
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Since 0<e<—-1— > , then E +&+2 <1. Therefore, the series in the right-hand side of (19),

as well as the series in (18), i.e. the series in (15), diverge.
Proof of Proposition 5. We have, by Holder’s inequality,

00

i lag[la| ————7 z ]| (k+ )2 (4 1)s+D2 §
|| (1+k+1)cs+2 (k+l)(s+1>/2 1+ 172 kel <

k,1=0
00 2 2 s+1 s+1 12

3 AN Z(kﬂ) (+1)

- (k+1) (1 +1)*"! (1+k+1)>©2

k=0 k,1=0

(20)

Note that since f'e A% (U), then by (6)

& lallal (S laf )
Z Tl il ZL < +oo.
o (k + 1)5+1 (l + I)H—l par (I’l + 1)b+1
Consider the second series in the right-hand side of (20). This series has the same behavior
as the series
00 ks+lls+l

= (21)
Kl OZ+I>0 (k -+

The terms of this last series are decreasing with respect to product order, so we can apply
to the series (21) the so-called Cauchy’s concentration principle (for double series). It follows
from this that in order to verify that the series (21) is convergent, it is sufficient to prove that
the series

o0 2]’2[
Z ( 1)2((”2) r(s+)5t(s+) (22)
2" +2

rt=1

is convergent. We have

00 2r2t 00 2r2r+p
r(s+D)y1(s+l) _ r(s+D) o (r+p)(s+1) _
Z (2" + 21‘ )2(0'+2) 2 2 (2}’ + 2r+p )2(0'+2) 2 2

0 22r+2r(s+1) 0 2p+p(s+1)

= (2}”)2(6+2) p=1 (1+2p )2(G+2) :

rt=l1 rt=l1

(23)

The terms of the second series in the right-hand side of (23) are estimated from above by
2p+p(S+1)

(2p )2(6+2) '

Therefore, the right-hand side of (23) is estimated from above by

00 00 00 1 r o0 1 ¥4
22r+2r(s+1)—2r(c+2) 2p+p(s+1)—2p0—4p — ( ) [ j ) (24)
Z z ; 22(075) Z 22+2c7—s

r=1 p=1 p=l1
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Since o> %—1 >s, then 2 + 26 — 5 > 0, and 6 — s > 0. Therefore both series in (24)

are convergent. Hence the series in (22), as well as the second series in the right-hand side
of (20) are convergent. This proves Proposition 5.

Note that if o < %—l, then 2 + 26 — 5 < 0, and the second series in the right-hand side
of (24) diverges; therefore, we do not obtain by the above reasoning that the series in (16)

. s
is convergent for ¢ < 5~ 1.

The author would like to express his gratitude to the Referee for having pointed out some mistakes
in the previous version of the paper.

The Referee also asked about the zero sets of the functions from the spaces A**(U), or more generally,
Ars(U), p > 0, for different values of s; in particular whether those zero sets depend on s. Up to
now, we have not obtained the results in this direction, but it can be an interesting subject of further
investigations.

References

[1] ArazyJ., Fisher S., Peetre J., Hankel operators on weighted Bergman spaces, Amer. J. Math., 110,
1988, 989-1053.

[2] Charpentier P., Formules explicites pour les solutions minimales de 'équation 4= [ dans
la boule et dans le polydisque de C", Ann. Inst. Fourier, Grenoble, 30, 1980, 121-154.

[3] Duren P.L., Theory of H -spaces, Academic Press, New York 1970.

[4] Jakobczak P., Exceptional sets of rays for functions from the Bergman space in the unit disc,
Atti Sem. Mat. Fis. Univ. Modena 52, 2004, 267-282.

[5] Jakobczak P., The behaviour of the rays of functions from the Bergman and Fock spaces, Rend.
Circolo Mat. Palermo 57, 2008, 255-263.

[6] Jakobczak P., The Fejer-Riesz type results for some weighted Hilbert spaces of analytic functions
in the unit disc, Opuscula Math., 31, nr 4, 2011, 605-614.

[7] Janas J., On a theorem of Lebow and Mlak for several commuting operators, Studia Math., 76,
1983, 249-253.

[8] Schneider G., Knirsch W., About entire functions with special L2-properties on one-dimensional
subspaces of C", Rend. Circolo Matematico Palermo 54, 2005, 234-240.

[9] Peetre J., Hankel kernels of higher weight for the ball, Nagoya Math. J., 130, 1993, 183-192.



